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Abstract. This paper is concerned with the asymptotic behavior of sums of the form U n (f)t — 

p/ \ J2i=i f(XiA n ~~ -^"(i-i)A„)) where X is a 1-dimensional semimartingale and / a suitable test 

Oh ' function, typically f(x) = |x| r , as A„ — > 0. We prove a variety of "laws of large numbers", that 

is convergence in probability of U n (f)t, sometimes after normalization. We also exhibit in many 

cases the rate of convergence, as well as associated central limit theorems. 
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\T) '. 1 Introduction 

^: 

In many practical situations one observes a process X at finitely many times, and from 
these observations one wants to infer various properties of the process. For example, in 
finance the price of an asset is observed at discrete times and one aims to determine the 
volatility or the integrated volatility, or perhaps the presence of jumps and some properties 
about their sizes. In statistics one wants to determine the parameters on which the law of 
the process depends, or one may want to perform some non-parametric inference on the 
$> \ model. 

•i-H . 

S^ i There are indeed two very different situations. One is when the observations occur 

at time 0, A, 2A, • • • , raA for a fixed time lag A, whereas n is large : then any kind of 
inference necessitates some "ergodic" properties of the basic process. Another situation 
is what is called high frequency observations, where the time lag A is small, which in the 
asymptotic setting means that we let A = A n depend on the number n of observations 
and go to as n — ► oo. This second situation is the one we are interested in here. 

A first, well known, example of how discrete observations of X allow to approximate 
some basic characteristics of the process is the convergence of the "realized" (or approx- 
imate) quadratic variation towards the "true" one. More generally one may look at the 
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realized r-th power variation at stage n, that is the (observable) process 

[t/A n ] 
{ X Yt n = ^2 \ Xi ^ - X (i-l)A n \ T - (i-i) 

When r = 2 the processes {X} 2 ' n converge (as A n — ► 0) to [X, X], the quadratic variation 
of X, as soon as X is a semimartingale, and even in some more general situations. When 
r > 2 then {X} T t ,n converges to ^2 s<t \AX s \ r (where AX S is the size of the jump of X at 
time s) for any semimartingale, also an old result due to Lepingle in [10| . When r G (0, 2) 
then {X}l' n blows up in general, but A n {X}l' n converges to the continuous part of 
[X, X]t : this does not hold in general, though, but under some (weak) assumptions on X. 
So this allows in principle to "separate" the jumps of X from its continuous part. 

Again for practical applications, having the convergence of {X} r ' n (possibly after nor- 
malization) is not enough, we need rates and, if possible, an associated central limit 
theorem. This describes the main aim of this paper: find conditions for the above con- 
vergence, and for associated CLTs when they exist. We do that for the processes {X} r ' n , 
and more generally for the following processes, for suitable test functions / and cut-off 
exponent w > and level a > : 



V n {f)t - Si=l " f{ X iA n ~ ^( t -l)A„). 

v' n {f)t = Efif" 1 f((x lAn - avdaJ/Va;), 

V" n (zu,a) t = J2i=l " (XiAn ~ ^Vi)Aj 2 l{|x lAn -x ( ,_ 1)A J<aA-} • , 



fl.2 



The convergence of these processes and the associated CLTs hold or not, depending on the 
properties of / of course, and especially on its behavior near 0, but also on the properties 
of the basic semimartingale X. Note that we always assume that A n — > 0. 

The reader may find motivations and practical uses of realized power variations in 
finance in Andersen, Bollersley and Diebold [2] or Barndorff-Nielsen and Shephard and 
references therein, for continuous processes. The later authors have also introduced and 
thoroughly used the "bi-power variations" where the summands in (jl.lj) are products of 
powers of two successive increments of X instead of one, and probably what follows can also 
be done for bi- or multi-power variations as well. The case where X is discontinuous has 
been studied by Mancini J^, ^2] (using processes similar to V" n (w, a)) and Woerner [Hj . 
|15j (for the power and bi-power variations) and recently by Barndorff-Nielsen, Shephard 
and Winkel 0, and in those papers special cases of the forthcoming results may be found. 

In [Sj we have considered the same problems than here when X is a Levy processes, 
with almost complete answers. In the semimartingale case the picture shown below is 
neither as good nor as complete as in the Levy case. The proofs are mostly quite different 
(except for Theorem 12.2(1 . hence this paper is essentially independent of [Sj although the 
basic ideas are the same. On the other hand, some of the results here heavily rely upon 
the paper [1] in which similar problems have been solved when X is continuous. 

Let us also mention that only the 1-dimensional case is considered here, although it 
covers the case where X is one of the components of a multidimensional semimartingale. 



Some results obviously hold as well when X is multidimensional (those concerned with 
V' n {f) in particular), others do not: if / is singular at 0, the description of the singularity 
in the multidimensional case is clearly much more sophisticated than in dimension 1. 

The main notation, assumptions and results are gathered in Section |2 All (unfortu- 
nately rather tedious) proofs are in the subsequent sections. 

2 Notation, assumptions, results 

2.1 Some general notation. 

Let us first introduce a number of notation to be used throughout. With any process Y 
we associate its increments A™Y and the "discretized process" as follows 

[i/An] 

A?Y = Y iAn -Y {i _ 1)An , YJ; n) = Y An[t/An] = Y + £ A?Y. (2.1) 

As soon as Y is cadlag (= right continuous with left limits), we have Y^ n ' — ► Y (un- 
wise convergence for the Skorokhod topology). If a process Y belongs to the set V of 
all processes of locally of finite variation, we denote by v(Y)t = L \dY s \ its " variation 
process" . 

Next we give a series of notational conventions for the convergence of a sequence (Y n ) 
of (cadlag) processes; below, a n is a sequence of positive, possibly random, numbers : 

• Y n — 4 Y or Y t n —5 Y t (or, converges u.c.p.) , if sup s<t \Y™ — Y s \ — ► for all t > 0; 

Sk p Sk p 

• Y n — '-4 Y or Y t n — '-4 Yt, if the convergence takes place in probability, for the Skorokhod 
topology; 

• Y n ^-4 Y or Y™ — *-> Y t (or, converges v. p.) if v(Y n — Y) t — ► for all t > 0; 

£-(s) C— (s) 

• Y n — > Y or Y™ — > Yt if there is stable convergence in law, see below; 

• Y n = o Pu {a n ) or Y? = o Pu {a n ) if Y n /a n a -^4 0; 

• Y n = Op u (a n ) or Y t n = Op u (a n ) if the sequences (sup s<t \Y™ /a n \) n >\ are tight; 

• an array {Q) of variables is asymptotically negligible, (AN) for short, if X)!=i Q ~^ 0- 

£— (s) 

When each Y n is defined on (fi, T , IP), recall (see e.g. JB]) that Y n — > Y means 
that Y is a cadlag process defined on an extension of {£l,T, P), and that ~E(Zg(Y n )) — > 
E(Zg(Y)) for all bounded ^-measurable variable Z and all bounded continuous function 
g on the space of all cadlag functions, endowed with the Skorokhod topology. 

Throughout, the following functions h r for r G (0, oo) and ip v for r] £ (0, oo] and 4> s for 
s G [0, 2] will often occur : we first fix a C°° function tp having l{| x |<i} < il>(x) < 1{\ X \<2}-, 



and then set 



h r {x) 



X 



if)(x/n) if rj < oo 

1 if T) = oo, 

l/\ \x\ r if < r < oo 



(2.2) 



Next, we introduce several classes of functions on M.. We denote by £ the set of all 
Borel functions with at most polynomial growth, and for r G (0, oo) we denote by £ r and 
£' r and E" the following sets of functions : 



°r 

£"' 



all / e £ with f(x) = \x\ r 
all / e £ with f\x) ~ |x| r 
all / locally bounded with 
all / locally bounded with 



on a neighborhood of 

as x — > 

/(x) = 0(|x| r ) asx^O 

/(x) = o(|x| r ) as x — ► 0. 



(2.3) 



'' /fe for the sets of bounded functions belonging to £ r , £' r , £" 
respectively. We have 4> r G ^ n C°, where as usual C p denotes the set of p times 



We write £°, £' r b , £' r ' b and £ r 
and E>l> 



continuously differentiable functions, resp. continuous, for p > 1, resp. p = 0. 

Below, K is a constant which changes from line to line and may depend on X and its 
characteristics, and we write K p if we want to emphasize its dependency on some parameter 
p. We write U for a generic A/"(0, 1) variable, and m r = E(|[7| r ) is its rth absolute moment. 
We also denote by p s the normal law JV(0, s 2 ), and write p s (/) = / f{x)p s {dx). 



2.2 The assumptions. 

We start with a semimartingale X on a stochastic basis (£l,J-,(J-t)t>o^)- We fix a 
truncation function k (bounded with compact support, with k(x) = x on a neighborhood 
of 0): this function is a priori arbitrary and usually k(x) = xln x \<n, but in this paper 
we suppose that it is continuous : this simplifies some of the assumptions below. We call 
(B, C, v) its predictable characteristics : v is the compensator of the jump measure /i of 
X, and C = (X C ,X C ), where X c is the continuous martingale part of X, and B depends 
on the choice of k. With k'(x) = x — k(x), we then have 



X = X + B + X c + k * (n - v) + k * p. 



(2.4) 



Here and below we use standard notation for stochastic integrals and characteristics, see 
for example jS] for all unexplained notation. 

We are interested in the associated processes V n (f) and V' n (f) in (J1.2|) (written as 
V n (f; X) and V' n (f; X) if we want to emphasize the dependency upon X). For simplicity 
we write P" and E" for the conditional probability and expectation w.r.t. J~i/s. n - We also 
introduce some related notation, where / is a small enough function (e.g. bounded) : 



Hf{f) = ^(/(A?*)), K?(j) = EtiCftAfX/VAn)), 

[t/A n ] [t/A n ] 

H n (f) t := Y, H?(f), K n (f) t := £ Kf{f). 



(2.5) 
(2.6) 



Our first key result needs no special assumption, but stating it requires some additional 
notation: first, C 0,I/ denotes the set of all functions on R which are v(uj; M+ x dx)-a.e. 
continuous, for P-almost all to. Next, we set 

I = { r > : 4> r * u t < oo \/t > 0}. (2.7) 

This is an interval of the form [a, oo) or (a, oo), for some a G [0, 2]. We have 2 £ I always, 
and we have X — X c G V if and only if 1 € J, and X has a.s. finitely many jumps on each 
finite time interval if and only if G /. Set 

X' = X-X C -X , } 

- } (2.8) 

16/ => B = B-k*v, Xl' = Y, s <t Ax s- J 

So if 1 G / we have X' = B + X" , and B is the "genuine" drift. In this case B € V. 
The other results need various assumptions, which we presently describe. 

Hypothesis (H) : The characteristics (B,C,u) of X have the form 
i-t r t 



B t 



\ b s ds, Ct = I c s ds, u(dt,dx) = dt F t (dx). (2. 

Jo Jo 



Moreover the processes (bt) and (-Ft(<fo)) are locally bounded predictable (where F t (f) = 
f f(x)Ft(dx)), and the process (ct) is cadlag adapted. □ 

Clearly (H) implies the quasi-left-continuity of X. Under (H), we write 

ot = V^t- (2.10) 

As is well known, the form (J2.9|) of the characteristics of X is equivalent to the fact 
that X can be written as 

X t = X + b s ds + / a s dW s + k(8) * (/J, - u)t + k'(S) •^ (2.11) 

where 

1) a is given by (|2.1U|) and 5 is a "predictable" map from f2 x R + x 1 on R, connected 
with Ft by the fact that Ft(oj, dx) is the image of the Lebesgue measure on R by the map 
x h^ S(uJ,t, x). 

2) W and \i are a Wiener process and a Poisson random measure on M + x R on the filtered 
space (fi,^ 7 , (•7 r t)t>o>IP > ) and the predictable compensator of \x is u(ds,dx) = ds dx (we 
may have to enlarge a bit the original space in order to accommodate the pair (W,fj,)). 

Hypothesis (K) : (H) holds and in (|2.11|) the coefficient 5 satisfies \S(u>,t, x)\ < 7fc(x) 
for all t < Tfe(a>), where 7^ are (deterministic) functions on R with J fa ° Jk(x) dx < 00, 
and (Tfc) is a sequence of stopping times increasing to +00. □ 



In the next hypothesis we assume that the space also supports a second Wiener process 
W' independent of W. Note that the particular form of jj, in (|2,11|) or in (|2.12|) below 
is actually irrelevant, it could be a Poisson random measure on M + x E for any space E 
and with a compensator of the form dt (g> F(dx), provided the measure F is infinite and 
without atom; or, we could have two different Poisson random measure in Q2.11JI and in 
(t2~T2l . 

Hypothesis (L-s) : (H) holds and the process a in the formula (J2.11J) has the form 

<r t = ^o + / b s ds + / a s dW s + / a' s dW' s + k(S) • (fj, - v) t + k'(8)*im, (2.12) 

Jo Jo Jo 

and 

a) the process (6j) is optional and locally bounded; 

b) the processes (bt), (&t), (&[) are adapted left-continuous with right limits and locally 
bounded; 

c) the functions 5(uj, t, x) and <5(u>, t, x) are predictable, left-continuous with right limits 
in t, and \5(uj,t,x)\ < 7fc(x) an d \5(oj,t,x)\ < ^jk{ x ) for all t < Tk(uj), where 7^,7^ are 
(deterministic) functions on M. with J (j> s 7k( x ) dx < 00 (with 0° = 0) and J <t>2 lk{ x ) dx < 
00, and (Tk) is a sequence of stopping times increasing to +00. □ 

In (L-s) we implicitly assume s E [0,2]. Note that if s < s' < 2, then (L-s') ^ (L-s) 
=^ (K) =^> (H), and (L-s) implies that s £ I. It is worthwhile to emphasize that (L-0) 
implies that X has locally finitely many jumps, and also that when X is continuous then 
all hypotheses (L-s) for s S [0, 2] are identical. 

Finally we have an assumption of a different nature : 
Hypothesis (H') : We have (H) and the processes (q) and (q_) do not vanish. □ 

Remark 2.1 These assumptions, and especially (L-s), may appear complicated to check. 
However, if X is one of the components of the solution of an SDE of the form dXt = 
/(Xt-)dZt, where Z is a multidimensional Levy process and / is a C 2 function with linear 
growth and locally bounded second derivative, then (L-2) is automatically satisfied. The 
same holds for solutions of SDEs driven by W and [i. □ 

2.3 The laws of large numbers. 

First, we have a result valid with no assumption at all on X (recall the notation IJ1.2JI . 
(12~7|) and C3J) = 

Theorem 2.2 (i) The processes V n (f) converge in probability in the Skorokhod sense to 
a suitable limit V(f) in the following cases: 

(a) With V(f) = f * \i, when 

[a-1] f G £% n C^, 



[a-2] f ££"n C^ v ifr G I n (1, 2) and C = 0, 

/a-5/ / G £f n C '^ iflel andC = 0, 

fa-4] f G £ r " n C '" t/r G I n (0, 1] and C = B = 0. 
(7>j Mffi V(f) = f*n + C, when f G £' 2 n C '^. 

(cj Mft V(/) = / • /x + «(S), w/iera / G £j D C '" and C = and 1 G J. 
(nj Moreover in (a) and (c) above we also have V n (f) — V(f)( n > —^> 0. 

When f = h r the case (b) (r = 2) is well known (convergence of the realized quadratic 
variation), and (a) for r > 2 may be found in |1U| for general semimartingales, and (c) 
(r = 1) is also well known because V(f) is then the variation process of X. 

The next LLNs are obtained after centering or normalization. For the first one we 
need to introduce the process 

£(/, Vv,) = (M,) *(ji-v) + (/(l - V„) * M, (2-13) 

which is well defined for 77 G (0, oo] as soon as f 2 G <?" for some r G I, and also for n = oo 
if further / is bounded (it is then a locally square- integrable martingale). 



Theorem 2.3 Assume that X is quasi- left- continuous. Let f G £" n C '^ /or some r G 

(1,2). T 

founded. 



(1,2). Then V n (f) — H'\fip v ) — -> E(/,i/>m) if r/ < oo, and also if n = oo when f is 



Theorem 2.4 Assume (H). Then: 

(i) A n V' n (g)t ^* J p au (g)du if g is a continuous function, in £ when X is continu- 
ous, and with g(x)/x 2 — > as \x\ — > oo otherwise. 

(ii) AlT r/2 V n (f)t ^5 m r Jj e£ /2 dn i/ / G 4 and r G (0, 2). 

fmj F" n (ro, a) ^5 C t for all w G (0, \) and a > 0. 

Remark 2.5 Theorem 12.31 is an LLN because the convergence holds in probability, but 
it can also be viewed as a CLT since the limiting process is a (local) martingale as soon 
as / is bounded and r\ = oo. □ 

Remark 2.6 Theorem 12.31 overlaps with (i) of Theorem 12.21 but in the overlapping cases 
the two are of course consistent. When Theorem 12.31 applies and Theorem 12.21 fails, there 
is t > such that both sequences (V n (f)t) and (H (f(f)t) are not tight. 

When r G (1, 2) and / G £' r C\C a ' u ', Theorems 12.31 and !2.4l -(ii) also overlap: an equivalent 
way of writing the later is A n (V n (f) — H (/)) ^> (see the proofs below), so 
Theorem 12.31 in this case is the CLT associated with the LLN of Theorem I2.4l (ii) in a 
sense, or perhaps rather as a "second order" LLN because the convergence takes place in 
probability. □ 



Remark 2.7 The reader will note the - different - assumptions in the last two theorems. 
Theorem 12.31 probably fails if X is not quasi-left continuous. Theorem 12.41 iust makes 
no sense if (H) fails (or rather, if the second equality in (j2.9|) fails), and the quasi-left 
continuity is by no means enough for it. □ 

2.4 The central limit theorems. 

The various CLTs below involve stable convergence in law, for which we need some in- 
gredients. Consider an auxiliary space (Q', ^ r/ ,P') supporting a d-dimensional Brownian 
motion W = (W )\<j<di two sequences (U n ) and (U' n ) of AA(0, 1) variables, and a sequence 
{n n ) of variables uniformly distributed on (0, 1), all of these being mutually independent. 
Then put 

Q = ftxQ', T = T®T', P = P®P'. (2.14) 

and extend the variables Xt, bt, ... defined on Q and W, U n ,... defined on Q' to the product 
Q in the obvious way, without changing the notation. We write E for the expectation 
w.r.t. P. Finally, denote by (T n ) n >i an enumeration of the jump times of X which are 
stopping times, and let (J r t) be the smallest (right-continuous) filtration of J- containing 
the filtration (Tt) and w.r.t. which W is adapted and such that U n and U' n and n n are 
J-T n -measurable for all n. 

Obviously, W is an (.F^-Brownian motion under P, as well as W, and W under (L-2), 
whereas \i is still a Poisson measure with compensator u_ for this bigger filtration. The 
dimension d of W is the number of processes for which we want to have a joint CLT in 
Theorem 12. 161 below, in the other theorems we have d = 1 and we then write W = W . 

The limiting processes we obtain below are of the form Y = (^■ ? )i< : ,<d with Y t J = 

J2k=i Jo ^" dW u for suitable (-Ft)-adapted d x <i-dimensional cadlag processes (0t), or the 
sum of Yt plus a process of the form 

Z{g)t= Y, 9(^T p )(yihU p OT p - + y/l=l%U^<TT p ), (2-15) 

p: T p <t 

for some function g £ £■'(. As we will check in Lemma I5.1UI below, this formula defines 
a semimartingale on the extended space, whose conditional law w.r.t. J- depends on the 
processes X and c (or a) but not on the particular choice of the stopping times T n . 
Moreover, again conditionally on J 7 , the two processes Y and Z(g) are independent and 
are martingales with variance-covariance given by 



E(y/lf | T) = J(9 u 9ty k du 

E(Z(g)*\F) = C(g) t := £ P : T ^ t g(AX Tp f(c T ^ + \ Ac Tp ), 



(2.16) 



where 6* is the transpose and Act p is the jump of the process (c*) at time T p . Moreover, 
conditionally on J 7 , Y is even a Gaussian martingale, and Z(g) also as soon as the processes 
X and a have no common jumps. This will also be checked later. 



Now we state a variety of CLTs, related with some of the LLNs given above, although 
the picture is far from being complete. As said before, Theorem 12.31 is already a CLT in a 
sense, and we start with a result extending this theorem to the case r = 1. The other CLTs 
are related to Theorem 12.41 and with a special case of Theorem 12.21 - (a), with unfortunately 
some unwanted restrictions. We complement these CLTs with some "tightness" results, in 
view of applications. Finally we will end up with a multidimensional CLT which contains 
the previous results and is complicated to state, but which probably is the most useful 
result for practical applications, at least for those we have in mind. 

Theorem 2.8 Assume (H). Let f G £[r\C 0,l/ andrj < oo, or n = oo if f is bounded. Then 
V n (f)-ir(f^) ^ £(/, ^) t + ^/m 2 - m{ f* a u dW u (note that m 2 -m\ = 1-2/tt). 

Theorem 2.9 Assume (L-s), and let g be an even C 2 function on R. 

(i) ^ (A n V'"(g) t - JlpvMdu) ^ Jj ^P« u {9 2 )-(P«u(9)) 2 dW u ifs< 1; 

(ii) A n V' n (g)t - foPff u (g)du = op u (A n ~ s/ ) otherwise. 
When X is continuous, we have (i) under (L-2), as soon as g is C 1 and even and g' G £. 

Theorem 2.10 Assume (L-s) and (H'), and let f G £ r for some r G (0, 1]. 

(i) _^= (At r/2 V n (f) t - m r Jj c r u /2 ) C -=$ y/mfr-mtfi c r J 2 dW u if either s < § 
and r < 1, or § < s < 1 and i-V3|2-8s+ 5 < r < 1; 

/ (2-«)(l + r)(2-r) 

(ii) A n V n (f)t — m r J Q cj = op u (A n 4+2s ( 1 -" ) for all e > 0, otherwise. 

When X is continuous, we have (i) under (L-2) and (H') when r G (0, 1], and also under 
(L-2) only when r > 1. 



Theorem 2.11 Assume (L-s), and let w G (0, ^) and a > 0. Then 

(i) -^= (V" n (xu, a) t - C t ) ^ V2J* c u dW u if s < ^ (hence w>\ands< I); 
(ii) V" n (zu,a)t — Ct = op u (A n s ) otherwise. 

Theorem 2.12 Let f be a C 1 function on R. 

(i) Under (K), and if f is C 2 on a neighborhood of 0, with /(0) = /'(0) = and 
f"(x) = 0(1*1) as x - 0, then -±- (V n (f) t -V(fp) ^ Z(/')t ftflitt ^(/) = /*W- 

(ii) Under (L-2) and if f G £ 2 we have -fa- (V n (f) t - V{f) { t n) ) ^ Z(f) t + 
V2 Jj c u dW„ (with V(f) = C + f*p). 

Remark 2.13 We do not have stable convergence in law of the processes , (V n (f) — 
V(f)t) in the last theorem, and not even mere convergence in law, because of some pecu- 
liarity of the Skorokhod topology. However these processes converge finite-dimensionally 
stably in law to the limits described above. □ 



Remark 2.14 The limiting process in (ii) of Theorem 12.121 looks pretty much like the 
limiting process obtained in [7] for the error term in the Euler approximation of the 
solution of SDEs driven by Levy processes. This is of course not just by chance ! □ 

Remark 2.15 Suppose that / = h r . We have a CLT for V n (f) in the following cases : 

• if r < 1, in Theorem l2.9l f subject to some - perhaps unnecessary - restrictions on the 
value of s for which (L-s) holds), after normalization and centering; 

• if r = 1, in Theorem 12.81 after centering; 

• if 1 < r < 2, in Theorem 12.31 after centering; 

• if r = 2 or r > 3, in Theorem 12. 121 after normalization and centering. 

When 2 < r < 3, there is no CLT, at least with the natural centering of the associated 
LLN, although a CLT with a more adequate centering might exist: see [H] for a more 
thorough description of this fact when X is a Levy process. □ 

Finally, we give the announced multidimensional CLT, in which we consider compo- 
nents as in Theorems 12.91 12.101 12.111 and 12.121 Below we have a d-dimensional process 
and the index set {1, . . . , d} for the components is partitioned into five (possibly empty) 
subsets J\. We consider the process Y n = {Y n ' 3 )l<j<d having the following components : 

•j G J\ => Y t n ' j = A n V' n (fj) t - / p au (fj)du, where fj is C 2 and even; 

Jo 

•j G J 2 => Y?* = A 1 n - r ^/ 2 V n (f J ) t - m r(j) f a r u ^ 2 du, where fj G £ r 

Jo 



*j£j 3 => Y^=V" n {w j ,a j )t-C t 



"r{j) 

for some r(j) G (0, 1) in general or r(j) G (0, oo) if X is continuous; 

where (fj G [1/4, 1/2) and ctj > 0; we then put r(j) = 2; 

•jeJ 4 => Y n ' j = V n (f j )-V(f j ) {n) , where fj is C\ and C 2 on a neighbor- 
hood of with fj(0) = /j(0) = and /j'(x) =o(|x|) as x -> 0; 

•j G J 5 => Y n ' j = V n (fj)-V(0 n \ where fj e£ 2 n C 1 ; we then put r(j) = 2. 

Theorem 2.16 With the previous setting, we assume (H'J if J2 7^ 0, and (L-s) for some 
s G [0, 2] satisfying 

Ji + => 8<l, 

J 2 jt => either < s < § or § < s < 1 and i-V33*-8a+5 < inf je j 2 r(j), 
J 3 ^0 => s < in f ieJ3 ^i. 

T/ien -4= r n ^ ) y, w/iere 

E fee j tU j 2 u J 3 u J 5 Jo #* ^ tf 3 6 Ji U J 2 U J 3 

Z(/j)* tf J e ^4, (2.17) 

^(/j)t + £ fcGJl UJ 2 UJ3UJ 5 Jo ^ ^ if J 6 J 5> 
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1? 



and where 9 = (9^ )j : k^j 1 uJ 2 uJ 4 is an (Ft) -adapted cadlag process whose square 99* is the 
symmetric matrix characterized by 



(OtOt) 



,*\jk 



Pa t (fjfk) - Pa t (fj)pa t (fk), j, fc G -h 

(m r{j)+r{k) - m r(j) m r(fc) )4 (j)/2+r(fc)/2 , j, k G J 2 U J 3 U J 5 (2.18) 

, Pa t (K(j)fk) ~ Pa t (K(j))P<7 t (fk), j G J 2 U J 3 U J 5 , k G J-y. 



When X is continuous, the same holds under (L-2) and (H') as soon as the fj 's for j G J\ 
are C 1 and even with /' G £, and r(j) G (0, oo) for j G J2, and one can relax (H') if 
r(j) > 1 for all j G J2. 

(It is easy to check that the right side of (|2.18j) is a positive symmetric matrix indexed 
by J\ U J 2 U J3 U J5, so it has a "square-root" 9t). 



3 Theorems EJ and EH 

3.1 Proof of Theorem 12^1 

The idea of the proof is the same as in |Bj, but the details are slightly more involved, so 
we give a complete proof. 

Step 1. If / satisfies any one of the conditions in (i) the process f * v is in V, hence 
V(f) = / * P as well. In view of the convergence V(fp n ' — ► V(f) it is clear that (ii) 
implies (i-a) and (i-c). Below, we use the notation 

Z n (f) = V n (f)-V(f)^. (3.1) 

Step 2: Here we prove (i) and (ii) when / G C 0,l/ vanishes on a neighborhood of 0, say 
[—2s, 2e], hence V(f) = /•//. For any fixed e > we set : 

• 5i, S2, ■ ■ ■ are the successive jump times of X with |AX 4 | > e, 



R p = AX Sp , 

X(e) t =X t - (xl {N>e} ) *n t = X t - Y^p; Sp <t Rv> 
R! p n = AfX(e) on the set {(» - 1)A„, < S p < iA n }, 

Q n (T,e) is the set of all uj such that each interval [0, T] n ((i — l)A n ,iA r 
contains at most one S p (u), and that |A"X(e)(w)| < 2e for all i < T/A Ti 



(3.2) 



All these depend on e of course, and Q n (T,e) — ► fi as n — > cxd. 

Recalling /(») = when |x| < 2e, we see that on the set fi n (T, e) and for all t <T, 

v(Z n (f)) t = Yl \(f(R P + R' p n )-f(R P ))l (3.3) 

p: S p <A n [t/A n ] 

Since / G C 0,l/ there is a null set iV such that, if to ^ iV, then / is continuous at each point 
R p (uj), whereas R' p n (uj) — » 0, so v(Z n (f))T —> when tu ^ N. Hence (ii) is obvious (we 
even have almost sure convergence). 
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Step 3: Here we prove (ii) in case (c), so we assume 1 6 D and C = 0. As said before, 
X G V and v(X — Xq) = V(h\) (recall Q2.2|) ). and it is well known that V n (h\)t converges 
pointwise to V(hi)t- Then Z n {h\)t — ► and, since Z n (h\) is a nonpositive decreasing 
process, we in fact have v{Z n {h\))t —> for all t. 

Now let / G £[ n C 0,ly . We have |(/ — hi)ip v \ < £ n h\, where e v — > as 77 — ► 0. We have 

w(Z"(/)) < (l + e>(Z"(l ll ))+^ n ((/-l Jl )(l-^)))+£ 1 ,V(l Jl ). 

The first two terms on the right go to a.s. by the above and Step 2, and V{h\) is 
finite-valued and e v — ► 0, hence the result. 

Step 4 : Here we prove the remaining claims (ii-a) and (i— b), assuming that 

Z n (h r ip v ) ^0 (3.4) 

in the relevant cases: that is either r = 2 (hence V^/t^V^) = C+^V'r?)*/^), or r G iTl(l, 2) 
and C = 0, or r G I n (0, 1) and C = -B = (so V(Ii2ip v ) = (^V'r?) */** in these two cases). 

Assume / G £2" H C '^. Then \fip v \ < Sj^Vfyj with e^ — ► as 77 — * 0, and thus 

v{Z n (f)) < v(Z n (f(l - ^)) + e v (\Z n (h 2 ^)\ + 2V(h 2 ^)). 

The first term on the right goes to a.s. by Step 2, so Q3.4JI and e^ — ► and V(h2ip v )t < °o 
give (ii) in case [a-1]. When / G £[" n C '^ and 1 G / and C = 0, the same argument with 
hi instead of hi works (use Step 3), and we have (ii) in case [a-3]. 

When / G £" D C 0,ly with r < 2, we have \ftpn\ < Khrip^ for all 77 small enough, hence 

«(£"(/)) < ^(^ n (/(l - ^))) + K\Z n (f r ^)\ + 2tf(/ r ^) * M . 

The first two terms on the right go to in probability by Step 2 and (|3.4[) . and the third 
term goes to as 77 — > because r £ I. So we have (ii) in cases [a-2] and [a-4]. 

Finally let f £ £' 2 T\ C '^, so |(/ — h2)ip v \ < £??^2Vv with e^ — ► as 77 — ► 0, and thus 

\z n (f)\ < u (z n (/(i-^))) + (i + ^)|z™(/ J2 ^)| + ^ + y(/ l2 ), 

and we conclude (i-b) as above. 

Step 5: We are left to prove (|3.4[) . In other words, it is enough to prove that if / is C 2 
outside 0, with compact support and f(x) = \x\ r around 0, and when either r = 2, or 
1< r < 2 and C = 0, or < r < 1 and C = B = 0, then we have Z n (f) ^ 0. Set 

g(x, y) = f(x + y)~ f{x) - f{y) - n(x)f'(y), k(x, y) = f(x + y) - f{x) - f{y) 

with the convention /'(0) = if r < 1 (otherwise, /'(0) is the derivative of / at 0, of 
course). Recall that V(f) = f * \i when r < 2 and V(f) = C + f ' * fj, if r = 2. 

Define the process Y n by Y t ra = X t — X( i _ 1 )^ n for t G [(i — l)A n ,iA n ]. Ito's formula 
when r = 2 and its extension as given in Theorem 3.1 of (Hj when r < 2 give us 

[t/A„] [t/A n ] 

z n u)t= Y, (/ffi n A„)-AW))= j;(^+m™), 
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where (recall that C = X c = when r < 2 here, so /" does not occur below in that case) 



[ fi* n i)A n {f'(Ys n -)dB s + (| /"(I?) - l)dC s 



A' 



r iA r . 



if 1< r < 2 
if < r < 1, 



M i = ij-i)A„ fXY?_)dX° s + P { t\ )An / K fe(x, 17L)(M - *)(&, dar). 
In other words, Z n (f) = A(np n > + M(n)( n ), where 

Jo {f'(Y s -)dB s + (i /"(X?) - l)dC s ) + <?(*, K_ n ) * ^ if 1< r < 2 



> (3.5) 



A(n) 



M{n) t = f f{Y?_)dX c s +k{x,Y™)*{ii-v) t 
Jo 



if < r < 1, 



(3-6) 



In particular M(n) is a locally square-integrable martingale, whose predictable bracket 
(M(n),M(n)) is such that A'(n) — (M (n), M(n)) is non-decreasing (see Theorem II. 1.33 
of [H]), where 

A'(n) = f'(Y n ) 2 .C + k{x,Y™) 2 *is, (3.7) 

Step 6: At this stage, it remains to prove that A(n) — — > and M(n) — — >' 0, and for the 
last property Lenglart domination property (Lemma 1.3.30 of jSJ) it is enough to prove 
A'(n) u -^0. 

Suppose first that 1 < r < 2, so the function / is C^ and /' is Holder with index r — 1, 
and/(0) = /'(0) = 0, hence \k(x, y)\ < C(j>i(x) and \g(x,y)\ < C<p r (x), and obviously /'(y) 
and k{x,y) and g{x,y) all go to as y —>■ Moreover if r = 2 we also have \f"{y) — 1^0 
as well. By the assumption that r £ I we have (f> r -kut < oo, and a fortiori (f>\-kvt < oo, for 
all i > 0. Since Y™_ — > as n — ► oo, we deduce from the dominated convergence theorem 
and also from the property C = when r < 2 that sup s<t |.A(n) a | and sup s<t A'(n) s both 
go to pointwise, and the result is proved. 

Second, assume that r < 1. Then \k(x,y)\ < C(f) r (x), and again k(x,y) — » as y — ► 0. 
Then we conclude as above. □ 

3.2 Some consequences. 

Now we derive some "technical" consequences of this basic result. 

Lemma 3.1 Suppose that the pair (X,f) satisfies one of the conditions of Theorem \2.°2\ - 
(i), and also that f is bounded. Then we have: 

(i)H n U) = Pu {l). 

(ii) If X is quasi-left continuous, H (/) ^5 H(f), where H(f) is the (continuous) 
predictable compensator of V{f), that is H{f) = f * v in case (a), and H(f) = C + f *v 
in case (b), and H(f) = v(B) + f -kv in case (c). 
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Our conditions imply that |/| *// is finite with bounded jumps, so/ -kv is well defined. 
We cannot hope for (ii) to be true if X is not quasi-left continuous. In general, H (/)j 
goes to H{f) t for any t which is not a fixed time of discontinuity of X, but the convergence 
is for the weak ^(L^L 00 ) topology on L. so it is not likely to be really useful ! 

Proof. First we observe that if / satisfies the assumptions of case (a) of Theorem 12.21 
then the functions / + , / _ and |/| satisfy the same; when / satisfies the assumptions of 
cases (b) or (c), then / + and |/| satisfy the same, whereas /~ G ^"nC '". So it is enough 
to prove the result when / > 0. 

Under our assumptions, the increasing processes V(/), H(f), v(B), C and <j>2 * v are 
locally bounded. So there is a sequence T p of stopping times increasing to infinity, such 
that we have identically 

V(f) Tp + H(f) Tp + v(B) Tp + C Tp + <fo * v Tp + < K p . (3.8) 

Set H n ' P (f) t = Etlt n] H ? ,P (h) and H^(f) = E^^A™^)). We have 
E (sup liTC/% - H n ' P U)s\ l { r p>i} ) 

/[*/An] 

< E I E l^x.-DA^E?-! (|/(A?JT) - /(A?X^)|) 

/[*/A„] \ 

< KE I £ l{T p >(t-l)A„} Ptl(^ < *A n ) < KP(T P < t), 

where the second inequality above follows from < / < K. Hence we readily deduce the 
following implications from the fact that ¥{T P < t) — ► as p — ► oo for all t: 

H n ' P (f)t = Pu (l), Vp => H n (f)t = Pu (l), 1 

Jt> p (f) t u -^' H(f) tATp , Vp => ir\f) t u -^' H(f) t . J 

Therefore for (i) (resp. (ii)) it is enough to prove the first (resp. second) left side property 
in ()3.9|) . Equivalently, it is enough to prove the results when X is such that (|3,8|) holds 
for T\ = oo. So we proceed to proving (i) and (ii) under this additional assumption. 

(i) Set S n>q = inf(t : V n (f) t > q), hence 

E(H n (f) Sn J = E(V n (f) Sn J<q + K 1 . 

Now, V n {f) t -^ V{f) t < oo for all t, hence 

lim sup ¥(S nq < t) =0. (3.10) 

Combining these two properties gives the tightness of each sequence (H (f)t)n- 
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(ii) Recall the following property, known as the "approximated Laplacians" property, 
holds because V(f) is quasi-left continuous, see e.g. [T3"] 1 ): 

_ [t/An] _ 

H' n (f)t := E E "-l( A ^(/)) ^ #(/)* (3-H) 

(in ^3| the convergence is for each t, but it is also u.c.p. because both sides are increasing 
in t, and H(f) is continuous). 

Now we prove the result in cases (a) and (c) of Theorem 12.21 By (ii) of this theorem 
we know that v(V n {f) - V{f)^) t -^ for all t. By hypothesis V(/)oo < K, so if 
S n:q is like in (i), we have E(v(V n (f) - V{f) {n) )t^s n , q ) -► 0, and a fortiori E(u(lf (/) - 
H (f))t/\Snq) ~^ 0- Since 1)3.10)1 holds, we deduce the result from 1)3.11 J) . 

Finally we prove the result in case (b). Using the notation of Step 5 of the proof of 
Theorem 12.21 we have 

H?(f) = A?H n (f)+E?_ 1 (A?)- 

Then in view of 1)3. 11|) it is enough to have K(v(A(n)oo) — ► (recall ()3.6l here r = 2). But 
since v(B) 00 , Coo, and fa * z^oo are bounded, this is proved exactly as A(n) — ■» in Step 
6 of the proof of Theorem 12.21 □ 



Lemma 3.2 Assume C = 0, and let s G In [0, 2]. Zei / G £" fe /or some r > 0. TTien 
iT(/) = 



op u (A^ /s ) if r < s, s > 1 

(WA;- 1 ) i/r<l,s<l (3.12) 

Pu (l) if r>s\/l. 



Proof. There is a function / r G £ h r n C° such that |/| < / r . Since |5**(/)| < H n {f r ) it is 
enough to prove the result for f r . Set s' = s\J 1, which is in I D [1, 2]. 

When r>s'we have f r G £f n C° if r > 2, and / r G £ 2 D C° if r = 2, and / r G E" a , n C° 
if 1 < r < 2, and f r G £{ D C° if r = 1, and r E I always, so f r is always in one of the 
cases of Theorem 12.21 and the result follows from Lemma 13.11 

When r < s' , Holder inequality yields for all e > 0: 

AWs'iTU); < t 1 -^' (H n {{f T ^)Y'/ r )X ,S ' + Ai-/ s 'F n (/ r (l - ^ £ )) t . 



Since f r (l—tp £ ) G £' 2 ' flC , by Lemma f3. ll aeain the last term above goes to in probability 
for any e > because r < s. Since (f r ^e) s G £y H C° we deduce as above, from Lemma 
13.11 again, that the first term on the right goes to t 1 ~ r ' s {fr^eY * ft if s' > 1 and to 
t l-r/s> f(f rl p £ y'/r icVt + v(B) t ) if ef = 1- Now, (f r ip £ ) s 'I" '*u t -»■ as e -► because s' G I. 
Then we obtain the first and second properties in ()3.12j) . □ 
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3.3 Proof of Theorem IZ31 

Let / G S'J D C '^ with r S (1,2). Let r\ £ (0, oo), or rj = oo when / is bounded: in all 
cases the process £(/, ip^) is well defined. 

For any e > we have / - fip E G ££" n C '^, so F n (/ - /^ e ) ^ (/ - /V> £ ) * /x by 
Theorem 12 . 21 and if (/^ — fipe) —^ (fi^v ~ VO) * ^ by Lemma O Therefore, as soon 
as e < 77, V n (f(l - ip £ )-H n (f(l - -ip £ )ip v ) ^> S(/(l - Ve)),^)- Moreover it is obvious 
that S(/(l — tpg),^) —5 £(/, -0r?) as e -> 0. Hence in order to prove the result it is 
enough to show that if M n {e) = V n {fi)j £ ) — H (fip £ ), then we have 

t > 0, p > => lim limsup P(sup |M ra (V)| > p) = 0. (3.13) 

Now the process M n {e) is a locally bounded martingale w.r.t. the filtration {T™ = 
•^A„[(/A„])t>0i and its predictable quadratic variation is 

[t/A»] _ 

c»( e ) t = 53 (#iw £ ) 2 ) - {Hf{f^ £ )f) < H n m £ f) t . 

i=l 

Observe that (/^ £ ) 2 G £^ n C°< u , whereas 2r > 2. Then H n ({f^j £ ) 2 ) u -^> (/V> £ ) 2 * i/ by 
Lemma l3.1| hence 

t>0, p>0 => lim limsup P(C n (e) t > p) = 0. (3.14) 

By Lenglart inequality it is well known that (J3.14J) implies (|3.13j) . and we are done. 

4 Theorem 12.41 

4.1 Technical consequences of (H). 

The assumption (H) is "local", in the sense that it does not require any integrability 
assumptions (in uj) on the characteristics. However having "locally bounded" replaced by 
"bounded" , for example, simplifies a lot of technical problems. This is why we introduce 
"global" and apparently much stronger conditions: 

Hypothesis (SH): We have (H), and the processes (bt), (q) and {F t {4>2)) are bounded 
(by a - non-random - constant), and the jumps of X are also bounded by a constant. □ 

Next, we introduce a number of notation, for which we assume (H) and heavily use cr, 
as in (gull)- Recall X' = X - X - X c : 



^ = 7kS(?- n i)A n (°s-a ii -i ) A n )dW s 






./At, 

,-,11 



(4.1) 
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In particular, A™X = xf + /?f • It is obvious that (SH) implies for all q > 0: 

EtidOT < K q , Et!(|xl n | ? ) < #„ E^dAfXT) < ^A 9/2 ^ 

E?-i(lx? I 9 ) < 



K q A n in general 



K q A n in general 



if X is continuous 

q general 
if X is continuous 



(4.2) 



Lemma 4.1 Under (SH) we have 



[t/A»] 

A n £ E(fc(rf)) ^ 0. 

i=l 



(4.3) 



Proof. For any e E (0, 1] we write X' = N(e) + M(e) + 5(e), where 

iV(e) = {xl{\ x \ >e }) -k (x, M(e) = (xl { \ x \< e} ) * (/z - i/), JB(e) = 5 - (/c(aOl{ |a . |>e} ) * ^ 
We also set 



H (y) = J- Eti 



JA r . 



f/f 



</» 2 (x)F t ( ( ix) , 



/(i-l)A n ^{|x|<y} 

which is increasing in y with 7™ (y) < K by (SH). Then 

Pti(AfiV( £ ) ^ 0) < Ke- 2 A n , Et!((A?M( £ )) 2 ) < A n7 "(e), |A?S(e)| < KA^ 1 
(use Tchebycheff inequality for the first and last estimates). We also have 



K-i((xm = 7; 



1 

aI 



K-i 



iA„ 



a,, — a, 



u ~ V(i-l)A r , 



da 



The following is obvious: 

Mx?) < l{A ? iV( £ )^o} + 3|x- n | 2 + SA^^IA^M^)! 2 + SA^IA?^)! 2 ) 
Then if we take e = e n = A n we deduce from the previous estimates that 



K-i (MX?)) < KVA n + Ki t n + K^{e n ). 



(4.4) 



Now, observe that 

/[t/A n 



A n E £ ( 7 f ( £n ) + 7 f )) < E (/ du I (a u 



^A n [«/A„]) 2 + / <^2(a3)F u (x) 

■'{M<e»} 



(SH) implies that for each (co,u) the middle parenthesis in the right side above goes to 
0, while staying bounded by a constant, so by Lebesgue's theorem the left side goes to 0. 
Plugging this into (|4.4j) immediately gives ()4.3|) . □ 
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Lemma 4.2 Under (SH) we have for all f 6 £'■[ and all p > 0: 

/[*/An] \ 

lim Jim limsup P £ E?_i((/(Ve - ^ AV ^))\^X)) > p J = 0. (4.5) 

Proof. We have |/(x)| < if|x| for |x| < 1, so as soon as A\/A n < e/2 < 1/4 we have (by 
singling out the two cases |x| < \y\ and |x| > \y\): 

< K\x\(ip 3 e ~^aVa^/2)( x ) +K\y\(?p 3£ - *P A ^ /2 )(y)- 

Hence it is enough to prove Q4.5J) for / = hi, and separately for X c and for X' . First, by 
(|4.2|) we have 

KA 

Et!(|A?X c | 2 (^ - V Av ^) 2 (Arx c )) < Etx(| ^X c \H mxc ^ AVK - n} ) < _£, 

and (|4.5|) for /ii is then obvious for X c . Second, we have 

[t/An] [*/An] 

£ E^IA^'I 2 ^-^^) 2 ^*')) < £ Ef_i(W e )(A?X")). 

4 = 1 1=1 

Lemma 13 . 1 1 applied to X = X' (note that ftp £ is bounded) yields that the right side above 
converges u.c.p. to (gip £ ) *v t , and the later goes to as e — ► 0: this shows (|4.5() for X ' . □ 

Lemma 4.3 Under (H) we have A n Yl\=i P?id) ~~^ Jo Prr s (g)ds if g G £ is continuous. 
(The continuity of g is much too strong for this, but the above result is enough for us). 

Proof. The process a is cadlag, hence the function s t— ► p s (g) = K(g(a s U)) is also cadlag 
by Lebesgue's theorem. The result is then obvious by Riemann approximation of the 
integral. □ 

Lemma 4.4 (i) Under (H) any even function g in £ we have 

K-iWNgm) = o (4.6) 

for N = W and for all N in the set J\f of all continuous bounded martingales which are 
orthogonal to W . 

(ii) Assume (SH), and let g G £ be continuous. If further q > 0, and g{x)/\x\ 2 ' q —>■ 
as \x\ — > oo when X is not continuous, then 

[t/A n ] 

A n ]T Eti ( g(A?X/,/An) - g(J%) ") ^ 0. (4.7) 



j=i 

„2 



In particular, provided g(x)/x — > as \x\ —> oo whenever X is not continuous, then 



t-t 

—n / \ u.c.p. 



A n K ll (g) t ^ / Pas (g)ds. (4.8) 

Jo 
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Proof, (i) When N = W, we have A?Ng((%) = h{a {i _ 1)An ,A?W) for a function h(x,y) 
which is odd and with polynomial growth in y when g is even, so obviously (|4.6j) holds. 
When N G J\f, (|4.6|) is proved in Proposition 4.1 of [I]. 

(ii) Since E™_ 1 (sr(/?™)) = pf(g), flO]) readily follows from 1)177)1 for q = 1 and from 
Lemma |4.3I As for (|4.7j) . it amounts to the AN property of the array (C| n ) defined as 
follows: 

C = A^idCf I 9 ), C = gMX/y/AJ - </(A n ). 

We first prove this result when <7(x)/|x| 2 ' <? — ► at infinity. Set G A (e) = sup(|<?(x + y) — 
g(x)\ : \x\ < A, \y\ < e) and H A = sup\ x \ >A \g(x)\/\x\ 2/q and L A = mp\ x \< A \g{x)\- We 
have G A {e) — ► as e — * for all A, and -Ha — ► as j4 — > oo, and L A < oo for all A, and also 
b(x + y)\ < L B + K q H B {\x\ 2 / q + \y\ 2 / q ) for all B > 0. Then, since K>X/>/A~^ = /3f + xf, 
and with the notation W/ 1 = Af W/y/A^,, we obtain for e6(0,1],A,B> 0, and if |cr| < T: 

|CI < * (gU(s) + # B (|xlf /<2 + |rW/f /9 ) +L B (l { |^|>A/r } +^ 2/9 &/,(x?))) , 

and thus by using 1)4.2)1 . 

C < i^A n (G A (e)* + fl| + L|P(|*7| > A/T) + L| £ - 2 Eti(0 2 (x?))) • 

Therefore if we use 1)4.3)1 we get 

[t/A n ] [t/A„] 

^ C < Kt(G A (er + ^ + L 9 B P(|L/| >A/r))+^^A n e- 2 £ EJLj^Cx?)) 



^ ift(GU( e )* + fl« + L«,P(|tf | > A/T) 

Then we take B such that Hb is small, then A such that Lb^(\U\ > A/T) is small, than 
e such that GU(e) is small, and we deduce that the array (Cl n ) ls AN. 

Finally when X is continuous and g is of polynomial growth, we have H A = oo, but 
since now Xi = xT we can use the estimate \g(x)\ < K(l + \x\ v ) for some p > to get 



Id < K (G A [e) + (1 + \xT \ p + \Wrr) (h\wr\>A/r } + e" 1 |x* 
hence by Holder and 1)4. 2 1) we deduce 

C < ^A„ ^Gx(e)« + n\U\ > A/T)) 1 ' 2 + K(|cT|^l {|[/|>A/r} ) + I (K^Oxf | 2 )) V2 ) • 

Then we may conclude as above, using Lemma 7.8 of 4\ instead of Q4.4|) . □ 

4.2 Proof of Theorem I2T31 

This theorem is a consequence of the following two lemmas: the first one proves the result 
under the stronger assumptions (SH), the second one is a standard localization procedure 
giving the results under (H). 
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Lemma 4.5 Theorem\2.J\ holds under the assumption (SH). 



Proof, (i) If g G £ is continuous, the process 



_ [t/An] 

V n (g) t = A n £ (g(R)-Pi(9))- 






is a square-integrable martingale w.r.t. the filtration {T' t a = •? r A„[i/A n ])t>0> and its pre- 
dictable bracket is A n ^fif™ 1 (p?(5 2 ) - P?(s) 2 ) < #*A n . Hence F"(g) ^ and we 
deduce from Lemma 14.31 that 

[*/An] t 

An E 5(/3T) ^ / ^Q?)^- (4-9) 

i=i ^ 

If further g(x)/x 2 — > as |x| — ► oo, or if X is continuous, we can apply (|4.7|) with 5=1 
to deduce via Lenglart's inequality that 

[*/A„] 

i=l 

Combining this with (|4.9|) gives (i). 

(ii) We have A~ r/2 V n {h r ) = V' n {h r ). If / G £ r , for all e > we also have \f - h r \ < 
eh qr + K e {\ — ip e )h p for some constants p > 2 and K e > 0, hence 

| A i-r/2 F n (/) _ A n y'"(^)| < e^T*^) + AWV"((1 - VOM- (4.10) 

On the one hand (1 - ^ £ )h p G ££" D C°, so Theorem l2~2l and r < 2 yield An~ r/ V n ((l - 



is 



ijj e )hp) — ^ 0. On the other hand A n V /( -h r ) — ^' m r f Q Cu du by (i). Since e > 
arbitrarily small, we deduce (ii) from Q4.1UJI . 

(iii) For any 0<e<74<oowe have 2A\J 'A n < aA" < e for all n large enough, and 
if this holds we have 

A n V' n (h 2 ip A ) < V m (zu, a) < V n (h 2 A)- (4.11) 

Since h,2ipA is bounded continuous, (i) implies that the left side above converges u.c.p. to 
V'(A)t = J pa u {h-i^A) du, which in turn increases (u.c.p. again) to Ct as A — v oo. The 
right side of (|4.11|) has jumps smaller than 4e 2 , and since h 2 ^ e G ^nC° it converges 
in probability for the Skrokhod topology to C + (^V'e) * /^ by Theorem 12. 21 (b). whereas 
C + (h2ip £ ) * fJ> decreases u.c.p. to C as e — > 0. Then (iii) is obvious. □ 



Lemma 4.6 If Theorem \2.J\ holds under the assumption (SH), it also holds under the 
assumption (H). 
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Proof. (H) implies the existence of a sequence of stopping times T p increasing to oo and 
such that the three processes (bt), (c±) and (Ft (fa)) are bounded by a constant K p for all 
t < T p , and also such that |AX S | < p for all s < T p (note that we usually cannot find T p 
as above, such that |AXr | < p)- Then the process 

X(p) t = X + B tATp + X^ ATp +k*{h- v)t\T p + («'O0l{>|<p}) *Vt/\T p 

(compare with (|2.4|l ) satisfies (|2.9j) with b(p)t = btlu<T p } an d c (p)t = Ql{t<r p } and 
F(p) t {dx) = 1{| X |< P } • Ft(dx)lu<T }, and also |AX(p)| < p by construction: hence -X"(p) 
satisfies (SH). 

By hypothesis, for each p the processes A n V' n (X(p);g) in (i) converge u.c.p. to 
Jo P*(p)u(9)du = H hTp PaMdu. Since we have V' n (X(p;g) t = V' n (X;g) t for t < T p , 
whereas T p | 00, we readily deduce the result for (i). For (ii) and (iii) it is proved in the 
same way. □ 



5 Proofs for the CLTs 

5.1 Technical consequences of (K), (L-s) and (H'). 

Exactly as for Assumption (H) which was strengthened into (SH) for technical reasons, 
we need to strengthen (K), (L-s) and (H') as follows : 

Hypothesis (SK): We have (K) and (SH), and the functions 7fc = 7 do not depend on 
k and are bounded. □ 

Hypothesis (SL-s): We have (L-s) and the processes (bt), (q), (bt), (&t), (3^) are 
bounded, and the functions jk = 7 and 7^ = 7 do not depend on k and are bounded. □ 

Hypothesis (SH'): We have (H) and the process (q) is bounded away from 0. □ 

Now we proceed to derive some consequences of these assumptions, except that the 
first result, used for Theorem 12.81 needs (SH) only. 

Lemma 5.1 Assume (SH). If f G £[ we have for all p > 0: 



/[t/An] . 2 x \ 

lim hm^sup P Yl E ?-l ( /(AfX)^(A^X) - \JX~ n ft\ J > p\ 

Proof. Suppose first that / = h\. Observe that for any A > 0, 

3 

f(A^x)M^x) - k/a;#|| <Y,QU,e,j), 



0. (5.1) 
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where, with the notation g A = fipA> 



Q(A,e,l) = /(AfX)(^ £ (A?X)-^ vs -)(Afx; 



'K. 



g A (A?X/y/AJ-g A (J% 



C(A,e,2)-- 

C(A,e,3) = C(A,3) = VA n \ff\ (l-^(/3f))- 
Then it is enough to show that 

/[*/A„] \ 

lim lim hmsup P £ E^CW, j) 2 ) >p)=0 



e^O A 



(5.2) 



i=i 



for all p > and j = 1,2,3. Now, (|B^)) for j = 1 is exactly (|I3|) . and l(o^)) for j = 2 
follows from (|4.T|) applied to 5^4 (which is bounded continuous) and q = 2, and (|5.2|) for 
j = 3 immediately follows from ()4.2|) . 

Finally when / € £|, in order to get the result it suffices to prove that the array 



Q{e) = Et x (/ - &i)(A?X) ^(A?X) 



is AN, for each e > 0. We have |(/ — hi)ip £ \ < n £ (pi with r/ e — » as e — > 0, hence 

/[t/An] \ _ 

E E cr J <^^(^), 

and the result follows from Lemma 13. II 



D 



Note that under (K), resp. (SL-2), Equations IJ2.11J) and (|2.12|) take the form 

X t = X + I b' s ds + [ a s dW s + 5 * (g - u) t , (5.3) 

Jo Jo 

cr t = ao+ / b' s ds + / a s dW s + / a' s dW' s + 5* {n - u) t , (5.4) 



where b' t = bt + / n'(5(t, x)) dx and b' t = b t + j K'(6(t, x)) dx are bounded. 

The key result is that, under appropriate assumptions, the convergence in (|4.8j) holds 
with a rate l/\/A n . This has been shown in |1] when X is continuous, i.e. 5 = 0, but in 
general we need some estimate on the increments of the process <5 * (// — u) . However we 
start with a result proved in Section 8-2 of [I], for which the process 5 plays no role: 

Lemma 5.2 Assume (SL-2) and let either g be differentiable with g' € £, or g G £ and 
(SW) hold. Then -^ (^fif "' A n p,%) - Jj P(Ts (fids) ^ 0. 
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Now we fix a sequence e n in (0,1), going to and to be chosen later, and we put 
E n = {x : j(x) > En}. Recall that t \— > 5(uj,t,x) is left continuous with right limits, and 
we denote by 5+(uj,t,x) the right limit at time t. Then we set 



W) = 7k ^-i)A„ Ieo <*(*>, x)Qt - E)(dv, dx) 

C"(2) = "^ / { n )An JL„ M(* - l)A n ,x)u(dv,dx) 

C n ( 3 ) = -vfc/(^i)A n I En (S(v,x) - S+((i - l)A n ,x))u(dv,dx) 

C n (4) = ^ ) l { tl)A n f En *(«> xMdv, dx), 



(5.5) 



We denote by J 7 - 71 the u-field generated by J r (j_i)A„ an d the variables (W u : < u < iA n ). 



Lemma 5.3 Assume (SL-s). The function r ) s {y) = js x .^i x \ <v \ j(x) s dx is bounded 
creasing and goes to as y — > 0, and we have for r £ (0, 1] and a > 0: 



in- 



E(cr(i) 2 i^r)<^4- s 7s(£n), 
icr(2)i + icr(3)i<i^A^ (s - 1)+ 

E (KIWI J?) < KAl-^e-^ 
E(\C(4)\f\a\^ n )<KaA n e- s . 



(5.6) 

(5.7) 
(5.8) 
(5.9) 



Proof. Obviously |Cf (2)| + |Cf(3)| < 3a/ A n f E j(x)dx, hence Tchebycheff's inequality 
yields ()5.7|) . Next, conditionally on .Ff 1 , the measure \x restricted to ((i — l)A n ,oo) x R 
is still a Poisson measure with intensity measure u, because /i and W are independent. 
Hence 



E(C(1) 2 I n 



A, 



-E 



iA r , 



du j 5(u, x) dx 
(i-i)A„ J Eg 



T[ n \ <J Ec j(x) 2 dx, 



and ()5.6|) follows. 

Finally |Cf (4)| < Z? := ^= Jj^ )An J^ 7 (^)/f(^, dx), and Zf is independent of J? 
and is a compound Poisson variable. More specifically, if r/ n = J lE„(x)dx, then Z™ is the 
sum of N i.i.d. variables Yj with E(/(l^)) = ^- f E f{^(x)/\/A n )dx and iV is independent 
of the Y^'s and Poisson with parameter rj n A n . We deduce first that 



E( 



N „ 

z?n <E(j2\Yj\ r ) =m) Ed^D = aW2 / 7{xYdXj 

9=1 ■'•^'n 



and second that 



E(|^|/\a)<aP(JV>l)<A n ^. 

Since J j(x) s dx < 00, we deduce ()5.8|) and (|5.9|) from Tchebycheff's inequality again. □ 
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Lemma 5.4 Under (SL-s) we have 

[t/An 



^A~ n £ ^tidCrm 2 ) = o Pu (en (s - 1)+ )- (5-10) 

Proof. By a repeated application of Cauchy-Schwarz, the expected value of the left side 
of 1J5.10JI . say a n (t), satisfies 

/[t/An] 

a n {tf < m £ Eti(|C(3)| 
\ %=x 

\ 2 



/[*/A„] / iAn 

^ tE E A" / dv / l^^)-^+((^-l)A„,x))|x 

<tE[ fdv f \5(v,x)-5 + (A n [v/A n ],x)\ s dx [ \5(v,x) - 5 + (A n [v/A n ],x)\ 2 - s dx 
\Jo Je„ Je„ 

< trj n (s)E ( I dv [ \5(v,x) - 5 + (A n [v/A n ], x)\ s dx ) , 

\J0 JE n J 

where r/ n (s) = J E (2 r y(x)) 2 ~ s dx. Now, on the one hand the expectation in the last term 
above goes to because of the properties of 5 and of (SL-s), by an application of Lebesgue's 
theorem. On the other hand we have r/ n (s) < K is s < 1, and when s > 1 we have 
Vn(s) < -ftTe^ -2s by Tchebycheff's inequality, and the result follows. □ 

We are now ready to improve on (|4.8|) by giving a rate, at least in some special 
situations. That is, we give estimates on the processes 

U n {g) t = Ajr(g) t - [ Pau (g) du (5.11) 

Jo 

in three different situations : 

• Case (i): g is C 2 , 

• Case (ii): g n = fi2ip A »-i/2 for some a > and some w G (0, 1/2), 

• Case (iii): g = h r for some r 6 (0, 1), 

and also when g is C 1 with g' 6 £ , when X is continuous. We also need to introduce the 
following functions rj s on [0, 1], where s £ [0, 2]: 

,M= (2 -;' ( :;;" 2 r r) . <«'> 

4 + 2s(l — r) 
Lemma 5.5 Assume (SL-s). Then 

! ljn {g) ±±$ 0> or 1 ^n^) -3 q (5 _ 13) 
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in the following cases: 

(a) X is continuous and either g is C 1 with g' € £ and g is even, or g = h r for 
r g (0,1] if further (SH') holds; 

(b) in case (i) if s < 1; 

(c) in case (ii) if < s < ™~ (hence w > -i and s < 1); 

(d) in case (Hi) if further (SH') holds, and provided either s < | and < r < 1, or 



| < s < 1 and ^^ 



s+5 



< r < 1, 



Otherwise, we have for all e > 0: 

op u (A n s ) in case (i) if s > 1 



U' 



in t 



Op u (A n s ' m ) in case (ii) if s > 4 c ' 



2ro 



Op u (\/A ri ) if g n = hi, (SH') holds and s < 1 

op u (A^ £ ) if g n = h r and (SH') holds and 

and either < r < 1 < s, or « < s < 1 and 



(5.14) 



< r < 



l-V3s 2 -8s+5 
2-s 



and r < 1. 



In the last case of (|5.14|) we have < rj s (r) < 1/2. Comparing with (5.14) of [H, the 
case (b) above and the first estimate in (|5.14|) are just as good, except for the regularity 
conditions on g; but we suspect that the last two estimates in (|5.14(l are not optimal: 
when X is a Levy process we have U n (h r ) t = op u (\/A n ) as soon as s < 1 and r < 1. The 
same comment will also apply to Lemma l5. 61 below. Recall that when X is continuous the 
assumptions (SL-s) for s S [0, 2] are all equivalent. 



in case l 



Proof. Throughout, we assume (SL-s). Since (a) is in [I], we only consider (b), (c), (d) 
and (|5.14|) . with g n = g in cases (i) and (ii), and we set Up = U n (g n )t and a n = a An 
The proof goes through several steps. 

a) First, we state some obvious properties of our functions g n : 

\g(x + y)-g(x)\ <K(\y\/\l) 

\g{x + y)- g(x) - g'{x)y\ < K(\y\ f\ y 2 ) 

\g n {x + y) - g n (x)\ < Ka n (\y\ f\ a n ) 
\g n (x + y) - g n (x) - g' n (x)y\ < Ky 2 

\g n {x + y) -g n (x)\ < K\y\ r 

x ^0 => \g' n {x)\ < K\x\ r ~ l 

0<M< J f 1 => \g n (x + y)-g n (x)\<K\x\ r - 2 \y\ ) 

b) Recall (|4,lj) and set /3f = (5f + Xi ~ C"(4). Using the previous estimates, we readily 
deduce from Lemma 15.31 that (recall the notation (|5.5|0 : 

Op u (e~ s ) in case (i) 



in case (ii), 

in case (ii), 



(5.15) 
(5.16) 

(5.17) 



[t/A n ] 
i=l 



9M + X?)-9n(fl 



Pu (a 2 n E n s ) 

n (\- r / 2 ^ s - r y 



in case (ii) (5.18) 

in case (hi) 



2^ 



c) Now we state some results of [3], see in particular Lemma 7.7 : put j3f = 1 + \(3f\ l 
and Z? = 1 + \/3f\i for some q > 0. Then under (SFf), for any 9 G (1, 2) and I G (0, 1) the 
variables x? ~ Ylj=i CfiJ) ( m which the jumps of X play no role) are of the form £|* + £" , 
a decomposition which depends on and / and which satisfies 

e wa u] E „_ i(Zf ^ ^„ n = 0pu(A ^-i : 

and also for all odd functions k in £ : 

E£-i(*OTC) = 0. (5.20) 

Furthermore a look at the proof of the afore-mentioned lemma shows that when / = 
these hold also without (SFT) and for 9 = 2, and that (again without (SH')) 

[t/A„] 

£ Etiden 2 ) = op u (i). (5.2i) 

In cases (i) we set 9 = 2 and / = and Zf = 1. In case (ii) we set 9 = 2 and / = 
and Z™ = 1 + |/3"|. In case (iii) we fix # G (1, r + 1) (to be chosen later), and set I = 9 — r 
which is in [0, 1), and Zf = 1 + \^\ " 1 . 

Now we set g" = C+E?=i Cf (i), so that /3f = /ap+gp+gn . Since E^Zf |/?f |') < K 
when / is as above, and since Zf and /3" are ^"-measurable, we deduce from 1)5.6(1 . ()5.7j) 
and ()5.19j) that (with Z = in cases (i,ii), and I as above, under (SH'), in case (iii)) : 

[t/A„] 
£ E -i(^ 1*1' l&f) = Pu (A*/»- V ( *" 1)+ + A^4 (2 - s)/2 7,(^) e/2 ) • (5.22) 

If A; G £ is odd and since C,f{2) is J r (j_i)A n -measurable, we clearly have E"_ 1 (<7 / (/3")^f (j)) = 
for j = 2, whereas this also holds for j = 1 because, as in the proof of Lemma 15.31 we 



have E(Cf (1) | F- 11 ) = 0. Furthermore we have |E?_ 1 (Jb(/9p)CJ l (3))| < # WEf^flCf (3)| 2 ) 

by Cauchy-Schwarz, and because E™_ 1 (A:(/?") 2 ) < K by (|4.2|) . Combining these facts with 
((531)) and (f5~TU)) . we obtain 

[t/A„] 
£ |E?- 1 (*0ar)g ,1 )| = op^A; 1 /^-!) 2 ). (5.23) 

d) Now, to evaluate <7 n (/^ n ) — g n (P™), we partly reproduce a proof in [I], with some 
relevant changes. We first treat case (iii), which is the most difficult. Set Af = {|^ n +^f | > 
|0P|/2}. By a Taylor expansion, we have gffi ) - g{ft) = </(/3f )£f + £j=i 5?(j), where 
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«5f (3) = g'mC, , <J?(4) = Q/(/T) " </(0(/T - # )1 W )«=, 

where /3f n is a random variable which is between [3f and /^ n . 

If we apply (|5,17|) and single out the two cases \£,'( l \ > |£f | and |^ n | < |£"|, upon 
observing that in the first case for instance we have |£f | > |/3"|/4 if we are on A^, we get 



(recall 9 > r). In a similar way, 

i^(2)i + i^(3)i < Kitfwffr^+Kitffwr 6 < Kzr\m l (m + m 



Finally, by singling out the cases |^ n | > |£™| and |^ n | < |£™| once more, 

i«?(4)i < ^i/3fr- 2 (cf+er) 2 i { | ff+ r ? i<i^i/2 } 

< ^r r 2 (ifn i^ri + iefi e i/3f i 2 - 9 ) < ^r i^ri' (ieri + iefT 

Put these three estimates together to get 

g(& n )-g(W)-g'(ff)l n \ < kz? \ft\ l ($\ + \&f 

In case (i) things are easier. Indeed, (|5.15|) implies: 



(5.24) 



9W?)-9{Pi)-g'Wm 



< K(\c\ + m 2 ). 

In case (ii), we use the fact that |<?^(x)| < K\x\) and (|5.16|) to get : 

gnWn - g n ((3?) - g' n {^)l n \ < K\& + tf\ 2 + K\p?C\ 

< #(|§f + |g n | 2 + Z?|§ l |). 



(5.25) 



(5.26) 



Moreover in all cases g n is even, hence g' n is odd. Therefore (|5.19|) . (|5.21|) . (|5.22l) and 
(|5.23|) . together with either (|5.24|) or (|5.25jl . imply that in all cases (recall 9 = 2 in cases 
(i) and (ii)): 

[t/A n ] 

A n Y, \K-i(g n (Pn - gn(ff)) 



8=1 



o Pu (Al/X {s - 1]+ )+0 Pu UTe-n e{s - l)+ +e 6 ^l 2 ls{e n ) el2 
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d) The previous estimate plus Lemma 15,21 and (|5.18|) yield 



U? 



Pu (A n e n 2{s 1)+ + A n e- S + e 2 n - s 7s (e n )) 



+op„(v / A^ e n 



(s-iy 



Pu (A n e n 2{s 1} + A n ale n s + el s -f s (e n )) 



+Op u (VA^ £ n 



(«-!)+> 



n , A 0/2 -0(«-l)+ , A l-r/2 _-(«-r) + , 0(2-s)/2 , ^/2\ 



+o Pu (yfA n ~ £ 5 



-(•-l^ 



in case (i) 
in case (ii) 
in case (iii). 



So it remains to choose appropriately 9 S [1, 1 + r) in case (iii) and the sequence e n in all 
three cases. 

In case (i) with s < 1 take e n = y/A n , to obtain Y™ = op u (\/A n ). In case (i) with 
s > 1 take e n = A\/A n for some A > 1, to obtain for some K not depending on A: 



\U? 



A 



] - -' - I K (A 1 - 5 + B 2 ~ s j s (A^A~^)) if a > 1. 



Since j s (Ay/A n ) — > for any A and since if is arbitrarily large, we readily deduce that 
Up = op u (A n ), and we have the result. 

Next, in case (i) we take e n = A A™ for some A > 1, to obtain for some K not 
depending on A: 

\UP\ < KA^ 2 ^ (A- s + A 2 ~ s ls {AA™)) + o Pu (a~^-^ + /^/*~«>(.-i) + \ , 

and we conclude as in case (i). 

Finally consider case (iii). When s < r we choose 9 arbitrarily in (1, 1 + r) and 
1/0(2-*) 



An y , and the result in (c) is obvious. When r < s, for any given 9 G (1, 1 + r 

z n ~- 
we deduce 



we choose e n = A n . After a simple (although a bit tedious) computation 



Up = Pu (Af^)+o Pu (Ai 



?,r,s) 



with a(9,r, s) 



(2-r)(2-a) 



(2- S )(0+2(l-r)) 
2((2-s)0+2(s-r)) 



2((2-s)o+2(s-r)) and a '(^' r, s) = | if s < 1 and a' (9, r, s) 
if s > 1. Observe that a' (9, r, s) > a(9, r, s) is s > 1 and 9 < 2, and that a is increasing in 0. 
So we should 9 as big as possible (with 9 < 1+r, though), and another simple computation 

shows that when s < 1, then o(l + r, r, s) > 1/2 if and only if 1 ~^ /5 2 l 8 g s+3 — < r < 1. Then 
again we get the results. □ 



Lemma 5.6 Assume (SL-s) and let g n be as in case (ii) of Lemma 15.51 Then for all 
t > we have 



[t/A n ] 

2 Eti ( (^(a^av^a; 



(A 



>n\2 



op u (A 



4?37 — 2 — SK7\ 

n J 



(5.27) 
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Proof. First, we have 

[t/A n ] [t/A n ] 

Y K-i (m? - 9n(P?)) 2 ) < y E -i {(^ H m \>^- i/2 } 

[t/A n ] 

< KA^ 1 / 2 -^ Y K-i(\P?\ 4+q ) < KtA n , 

where the second inequality is valid for all g > and the third one is obtained by choosing 
q = 1 _ 2ro , and using the boundedness of a. Therefore is it enough to prove 

[t/An] , 2 s 

a n (t) := J2K-i[(9nWX/y/AJ-g n W))\ = Pu (A**" 1 -"*) . (5.28) 

With the notation of the proof of Lemma 15,51 we have A™X = /3" + /3^ n + £™ (4) , hence 
by (|5.16|) we obtain 

(gniAfX/y/A^) -g n .m) 2 < Kal\^ + Kal{\Q^)l\a n ). 



Recall also that /3- n = Q + £f, and we have (t5~2TI) . and also (l5~22l with = 2 and Z = 
and Zf = 1. Therefore we easily deduce from these two estimates, plus (|5.9|l . that (recall 

a n (t) = Pu (a^V + A^- 1 ^- 1 ^ + A^- 2 4^ 7s ( £r , 
It remains to choose the sequence e n , and we take e n = A A™ for some ^4 > 1, which gives 

a n (t) < KA^- 2 - s ™ [a~ s + A 2 ~ s ls {AA™) + A£- 2w+w (« A1 )A« a - 1 > + ) , 
and we conclude as in the end of the previous proof. □ 

5.2 An auxiliary CLT. 

We first give a sketchy proof for a result which is essentially known already, and which is 
a CLT for processes of the form 

[t/An] 

U n (g) t = ^A~ n Y (9(ff) -Pi (9))- ( 5 - 29 ) 

i=i 

The assumption (SH) below is of course much too strong for the result. For the needs of 
Theorem 12. 161 later one, we give a multidimensional version: 

Lemma 5.7 Assume (SH) and let gi,--- ,gd be continuous even functions in £. The d- 
dimensional processes U with components U (gj) converge stably in law to a limit U with 

components U t = Y^k=i Jo ® u dW u , where the process 9 is {Ft) -optional dx d-dimensional 
processes which satisfies 

(9 t et) jk = Pvtbjgk) - pMpM. (5.30) 
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Proof. Observe that U t = X^l=i CP> where £™ is the J~iA n -measurable variable with 



components Cf J = \/A^ fffi(/3f) - Piidj))- Moreover Ef^(Q) = and EJLi(||CTII 4 ) ^ 
KA^ (because at is bounded). Then a criterion for the stable convergence in law, which 
can be found in Theorems IX. 7. 19 and IX. 7. 28 of |B|, gives us the result, provided we have 
the following two properties: 

[t/A 



53 Eticc^cr') u -^' / (0 u e:y k du, (5.3i) 

~1 Jo 



[t/A n ] 

53 Eti(C J A?JV) ^ 0, if TV = VK or if iV G AA (5.32) 

»=l 

(recall that N is the set of all bounded (J r t )-martingales which are orthogonal to W). 
(|5.32f) follows from (|4.6|) because gj is even. Finally E™^ (£"'"' £"' )) equals the right side 
of lj5.30[) evaluated at time u = (i — 1)A„, and multiplied by A n . Since the right side of 
(|5.3Uj) is a cadlag function of u, Q5.31JI follows from Riemann approximation of the integral 
on the right, and we are done. □ 

For the purpose of proving Theorem 12 . 121 - (ii) we need more than this lemma. Suppose 
that we have (SK). Then (t2~Tll holds with \S(u. t. x)\ < j(x) < K and \S(u, t, x) \ < j(x) < 
K and f ~/(x) 2 dx < oo. 

We fix e > and consider the process N = 1e * fJ>, where E = {x : y(x) > e}. Hence 
N is a Poisson process with parameter the Lebesgue measure of E, say A. We introduce 
some notation similar to (J3.2J) . and which depends on e : 

• Si, S2, ■ ■ ■ are the successive jump times of N, 

• I(n,p) = i, S-(n,p) = (i- l)A n , S + (n,p) =iA n 

on the set {(i — l)A n < S p < iA n }, 

• at-(n,p) = ^=(\V Sp ~ W s _( n ,p)J, a+(n,p) = -^=(w s+{ ^ p) - W Sp ^j 

• R p = AX Sp , 

• X{e) t = X t - Y.p- Sp <t Rp> 

• R' p n = A?X(e) on the set {(» - l)A n < S p < iA n }, 

• R p = y/Kp- U p a Sp - + y/1- k p U p a Sp , 

• fl n (T, e) is the set of all u such that each interval [0, T] n ((i — l)A n ,iA n ] 

contains at most one S p (uj), and that |A™X(e)(ci;)| < 2e for all i < T/A n . 

_ __ (5.33) 

We also suppose that we have the functions gj and the processes U and U of Lemma 
15.71 Then we have the following result, which is very close to Lemma 6.2 of jTj, but with 
a more involved proof because we want no restriction on the a-fields Tt- 

Lemma 5.8 Under (SK), the sequences (U ,(a-(n,p),a+(n,p)) p >i) converge stably in 
law to (U, (■Jk p ~ Up , yT — k p Up) p >i) as n —>■ 00. 
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Proof. Step 1. We need to prove the following : for all bounded .7"- measurable variables 
fy and all bounded Lipschitz functions <3? on the Skorokhod space of d-dimensional func- 
tions on ]R_|_ endowed with a distance for the Skorokhod topology, and all q > 1 and all 
continuous bounded functions f p on M 2 , and with A n = n«=i fp( a -( n )P)i a +( n >P))i then 

q ^ 

E (¥ $(tT) A n ) - E(tf $(£/)) II E (/p(v^% ^p » V 71 ^ ^)) • ( 5 - 34 ) 

p=i 

Up to substituting vl/ with E(^|^) in both sides, it is enough to prove this when ^ is 
measurable w.r.t. the separable cr-field Q generated by the measure \x and the processes b, 
a, W and X. 

Step 2. We denote by // and //' (resp. i/ and z/') respectively the restrictions of /i 
(resp. v) to R+ x E c and to R+ x £?. We also denote by (J-' t ) the smallest filtration 
containing {Ttj and such that the measure //' is .^-measurable. Then W and // are a 
Wiener process and a Poisson measure with compensator j/, relative to (J-'t) of course, 
but also to (T't). 

Next, for any integer m > 1 we set S*™ - = (S p — l/m) + and S p l+ = S p + 1/m, and 
B m = U p >i(S'™ _ , S*™ + ]. The indicator function ls m (w, i) is ,7"g <S> 7£+-measurable, so the 

stochastic integral W(m)t = L ^B m (u) dW u is well defined. We call (^ r / m ) the smallest 
filtration containing (J-[) and such that the process W(m) is .7"Q m -measurable, and T n (m, t) 
the set of all integers i > 1 such that i < [i/A n ] and that 7? m n ((i — l)A n ,zA ra ] = 0, 
and we introduce the d-dimensional processes U (m) and U(m) (with as in l|5.3()j> ) with 
components : 

u' n ' j (m) t = 53 («(#)-#(»)), ^M, = f] f^u^Ju) dwi 

ier„(m,t) ' fe=i ° 

Again, the integrals above are well defined because VF is a Brownian motion w.r.t. the 
smallest filtration containing (Tt) and also T'™ at time 0. Furthermore B m decreases to 
the union of the graphs of the S p 's, hence U(m) — > U as m —* oo. We also have for 
some p > because gj £ £ and a is bounded: 

E(sup\U n (g 3 ) s -U' n ' 3 (m)A < E ( £ £ (©(#)-*?(»)) 

^ S ~* ' \p>li: iA n <i,|iA„-Sp|<2/m , 

^ ^ E (E E (i + ia?^i p ) 

\P>1 i: iA»<t,|iA„-5p|<2/m 
K ,^ Kt 

< -e£i {Sp<w} < — . 

p=i 

Therefore, since $ is Lipschitz and bounded, it is clearly enough to prove 

q 
E (v $(U ,n (m)) A n ^ -► E(* $(F(m))) J] e(/ p (^ 17, , ^/T^ U' p )) (5.35) 

P =l 
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for each m, and for ^ being (/-measurable bounded. 

Step 3. In the sequel we fix m, and we introduce a regular version Q = Q w (.) of the 
probability F on (fi, Q), conditional on Fq 71 , and accordingly Q = Q ® P'. 

Since AfW is independent of .Fq™ when i € r n (m, i) it is also standard normal under 
each Qu, and in the proof of Lemma [5. 71 we can replace E^_ 1 by the conditional expectation 
^QwC-l-^i^iiA )• Moreover B^ is a locally finite union of intervals, hence we still have the 
convergence in Q5.31JI if the sum on the left is taken over T n (m, t) and on the right we plug 

in \b c in the integral. Hence U (m) — ► U(m) under the measure Q^, that is 

E Qw (tf <S>(u' n {m)) -► E^(V $(T7(m)). (5.36) 

Step 4) By construction A n is ^"''-measurable, so the left side of (J5.35J) is 

E^A n E q (* $(I7 ,n (m))) = E(X E § _(* *(CT(m))) 

+e(a„ (e q .(* $(C7 /n (m)) -Eq (* $(U(m)) 

Since everything above is bounded, the second summand on the right goes to by ()5.36|) . 
whereas \P' = Eq (^ $([/(m)) is another bounded .T-^-measurable variable. Hence (|5.35j) 
amounts to proving 

q 
E(*A n ) -► E(¥) Y[E(f p (^U p ,^/T^- p U' p )), 
p=i 



which is exactly (a-(n,p), a + (n, p)) p >i — ► (\/«p kp , -\/l — /%> U p ) p >i as n — ► oo. But 
now, this is a consequence of Lemma 6.2 of 7 in a slightly simpler situation, namely we 
replace aft and (5^ in that lemma by a-(n,p) and a + (n,p) here, respectively, and we do 
not consider the process H n,e in it. Hence we are done. □ 

Lemma 5.9 Under the assumptions of Lemma \5.fy the sequences (U , (R' n / y/ A n ) p >i) 
converge stably in law to (U, (R') p >ij as n — > oo. 

Proof. Due to Lemma 15.81 and to the definition of R' and the fact that a is cadlag, it is 
clearly enough to prove that for any p > 1 we have 



(c 



/ I Jr 

R p/V A n-o- s ^( n ,p)a-{n,p) -a Sp a+(n,p) — ► 0. (5.37) 



We use the notations \j! and {F' t ) of the previous proof. We deduce from ()5.3|) that 

X(e) t = X + f b'(e) s ds + f a s dW s + $•(/*'- v% (5.38) 

Jo Jo 
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where b'(e)t = b' t — J E 5(t,x)dx and the above stochastic integrals may be taken relative 
to both nitrations (J-t) and {J-'i). In particular X(e) satisfies (SH) for the filtration {J-' t ). 
Similar to X' = X - X - X c , we write X'(e) = X{e) - X c - X . Then 

wZ = -=[ A] inp) X\e) + / K- <T S{ n, P ))dW s + (a u - a Sp )dW s . 

\Jl\ n \ ■" JS-(n,p) JS„ I 



P 



We may write ()4.4|) for the process X'{e) and with the conditional expectations w.r.t. 
•^"(i-llA instead of ^Fu-UA n - If we additionally use the ^Q-measurability of I(n,p), and 
if we modify the definition of xT f° r * = I{ n -,P) as to be the sum of the two stochastic 
integrals in the previous display, we obtain by taking the expectation : 

, / 1 rS+{n,p) (■ 

E(02«)) < KyfXn + Km— / du / 5{u,xfdx 

^n JS-(n,p) JE c n{x:\5(u,x)\<A 1 r / 4 } 



( 1 f S P r, 1 f S +( n >P) 

+KE(— (a u - <rs(n,p)) du. + — / (a u -a Sp )du 



Since \5\ < 7 and f~/(x) 2 dx < 00 and since a is cadlag bounded, we deduce from 

p 
Lebesgue's theorem that the above goes to as n — > 00, hence vfi — > and the re- 
sult is proved. □ 

5.3 Proof of Theorem IZ51 

We take / G £[ n C 0,u and r\ G (0,oo], with 77 < 00 when / is not bounded. For any 
e G (0,t//2) we have the decomposition V n (f) — H n (fip v ) = Ylj=i Z n (£,j), where 

Z n (e, 1) = V n (f(l - A)) ~ H n (fMl ~ ^))> 

[t/A»] 

Z-( £ ,2) = ^(2) = v / A; E (l^l-K^-i)Aj), 

[t/A n ] 

Z n (e,3) t = Y, (<?(£)- E?-i(CT(e)). with CT(e) = (/^)(A?*)-|V^0?|. 

First, Theorem 12.31 implies that Z n (e,l) — ^ S(/(l — ip £ ),ip v ) because /(l — ifi £ ) G 
£" fl C '^ for all r G (1,2). Next, it follows from the Lebesgue dominated convergence 
theorem for stochastic integrals that E(/(l — ip £ ),iprj) — ■» S(/, V'r?) as e — > 0. Lemma 

15.71 implies that Z n (2) — ► \/ m 2 — m| J a u dW' u . Hence, due to the properties of the 
stable convergence in law, it is enough to prove that for all p > 0, 

lim limsup P ( sup \Z n (e,3) s \ > p ) = 0. 

e ^° n \s<t J 
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But Z n (e,3) is a locally square-integrable martingale w.r.t. the filtration (^ r A„[t/A„])t>0) 

whose predictable quadratic variation C n satisfies C™ < X/L=i ^i^i(Cr( e ) 2 )> an d for the 
above it is enough that 

lim limsup P (C t n > p) = 

for all p > 0. This is obviously implied by ()5.1j) . and we are done. □ 

5.4 Proof of Theorem EE9l 

1) We first prove the result under the stronger assumption (SL-s). Let g be a Cf and even 
function in general, or a C 1 even function with g' E 6 when X is continuous. With the 
notation Q5.11|) and (|5.29|) . we have 



- (A n V' n (g) t - jj p au (g) du) = U n (g) t + -^- U n (g) t 



+ M y 



t > 



where Mf = £?if " J ( Q ~ E?_i(CT ) ) , 



(5.39) 



and C 4 " = v 7 ^ U(Af X/y 7 ^) - ff(/3f ) J . Since (SH) holds, we can apply (g2J for g = 2 
to get 

[t/A n ] 

^ EtidCI 2 ) ^ 0. (5.40) 

By Lenglart's inequality (as in Lemma l4.5() we deduce that M n — ^ 0. Next, Lemma l5.7l 
implies that U (g)t — ► j 9 u dW u , where 6 t = \/pa t (g 2 ) — Pu t {9) 2 - Hence in view of 
(tQ9l it remains to prove that -1— U n {g) u -^> when s < 1, and that Af/ 2 ' 1 U n {g) ^ 
when s > 1 : this is given by Lemma l5.5[ case (i), and the result is proved. 

2) Now we only assume (L-s). A localization procedure, more sophisticated but similar 
to the one in Lemma 14.61 is described in details in Section 3 of [I|. Namely, we find a 
sequence (T p ) of stopping times increasing to +oo and a sequence of processes (X(p),a(p)), 
such that: 

• If X satisfies (L-s), then each X(p) satisfies (SL-s). 

• We have (X(p) t ,cr(p)t) = (X t ,crt) for all t < T p , where a(p) denotes the process 
associated with X(p) in (j^TTTjl - ljITEZ]) . 

Of course in [I] this localization is done under the additional assumption that (5 = 
(X is continuous), but the presence of a non- vanishing S does not impair the argument. 

On the one hand, Theorem 12.91 holds for each X(p), that is: 

s < 1 ^ ^(^nV' n (X(p);g) t - ^p a{p)u (g)du) ^ f*9(p) u dW u 
s>l => Al- S/2 (A n V' n {X(p) ]g ) t - jl Pa{p)u {g)du) u -^0, 

where 0(p) t = y Pa( p ) t (g 2 ) — Pa(p) t (9) 2 - On the other hand bothe the right and the left 
sides above, written for (X(p), a(p) and also for (X, a) at time t, agree on the set {t < T p }. 
Since T p — > oo, we readily deduce Theorem 12.91 for the initial process X. 
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5.5 Proof of Theorem IZTU1 

First, coming back to the localization procedure explained just above, we have that if 
(L-s) and (H') hold for X, one can find the processes X(p) and a(p) such that (SL-s) and 
(SH') hold. Then the same argument as in the previous proof shows that it is enough to 
prove Theorem 12. 1UI under (SL-s) and (SH'). 

We take / G £ r for some r £ (0,1]. Instead of (|5.39j) we have 
-±= (^- r/2 V n (f)t - m r /V 2 du) = U n (h r ) t + -±= U n (h r ) t + M? + TV", (5.41) 

V^ra V JO J V^n 

where M? is like in lET39l with Q = y^ (h r (A?X/^A^) - h r (/?")) , and where iVf = 

A l/2-r/2yn(j - /j r ). 

We have |/ - hr\ < k for some if G £ 2 " n C°, hence |7V n | < An~ r/ V n (/c) and thus 

___ n £— (s) 

The other terms in (|5.41j) are treated as in the proof of Theorem l2.9l We have U (h r )t — > 
\Jrfi2r — m% f c u dW u and M n — % (we can still apply Q4.7|) with g = 2 here to get 
Q5.40JI ). Then in view of (|5.41l) and Q5.42|) we readily deduce Theorem 12.101 from Lemma 
15.51 case (iii). 

Finally suppose that X is continuous: we need to prove the result without (SH'), 
when r > 1. Since A n r ' V n (h r ) = A n V ln (h T ), it is a consequence of Theorem 12.91 when 
/ = h r , and for / £ £ r it remains to prove that A n V n {f — h r ) — ^ 0. Note that 

|/ - /i r | < XTi, for some K > and some g > r - 1. Since E(|AfX|«) < ifA^ /2 when X 
is continuous, we get 

[t/A„ 



(sup Ay 2 - r / 2 V*(/ - M* ) < ifAV 2 - r / 2 V E(|A?X|«) < iftA^ 



E 
hence the result. 



•r+ 9 )/2 



5.6 Proof of Theorem I27TT1 

Here again, as in the two previous proofs, it is enough to prove the result under (SL-s). 
We have w S (0, |) and a > 0, and we set g n = h2ip a A% and g n = h2tp a A%/2- Since 



A n F m (5j < V" n (w,a) < A n V' n {g, 



n)i 



hence also \V" n (vj, a) - C\ < \A n V' n {g n ) - C\ + \A n V' n {g n ) - C\, it is clearly enough to 
prove the result for A n V' n (g n ) and A n y m (g n ) instead of V" n (w,a), and also that 

7a; (V' n (g n ) - V' n (g n )) u -^ (5.43) 
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when s < ? . 



Exactly as for ()5,39|) we observe that, 



±= {A n V' n (g n ) -C)= U n (h 2 ) + -±= U n (g n ) + M n , (5.44) 



where M t n is like in (|5~33j) with Cf = VA^ lg n (A^ X / y/E^) - h 2 (f3f)\. Apply ([5~2T)l to 
obtain El=f nl]E f-i((C n ) 2 ) = Op u (A* a, - 1 -*» 7 ), hence by Lenglart inequality 

M n = opuCA*" 7 - 1 / 2 -" 7 / 2 ). (5.45) 

Next, Lemma I5~71 implies £/ (h 2 )t — ► ^Jo c udW u . Hence if we plug Lemma 1531 for 
case (ii) and (|5.45f) into ([5.44)1 we obtain the desired results for A n V' n (g n ) (observe that 
2w-l/2-sw/2 > Oifs < (Aw -1)/2vj, and otherwise 2w-l/2-sw/2 > 2w-l/2-sw), 
and of course the same holds for A n V' n (g n ). 

4ro-l 



It remains to prove (|5.43f) when s < -? — . We have the same decomposition (|5.44(l for 



2ro 

~g n , with some M which also satisfies ()5.45(l . whereas the left side of (|5.43[) is M n — M , 
and this goes u.c.p. to by ([5.45)1 . and the proof is finished. 

5.7 Proof of Theorem TTTR Ci). 

Our first task is to show that ([2.15)1 makes sense, and for further purposes we slightly 
extend the setting : Take any sequence (T n ) of stopping times whose graphs are pairwise 
disjoint, and such that AXt(u) 7^ implies the existence of n = n(u,t) such that t = 
T n (u). 

Lemma 5.10 Under (H), and if g £ £'{, the increasing process C(g) defined by 12. 1 b]) 
is finite-valued, and the formula h2.15\) defines a semimartingale on the extended space 
(Q, T, (^ r t)i>o,IP), which is a locally square-integrable martingale as soon as the process 
C(g) above is locally integrable, in which case 

E(Z(g) 2 T ) = E(C(g) T ) (5.46) 

for any (Ft) -stopping time T . Moreover we have: 

a) Conditionally on T , the process Z(g) is a square-integrable martingale with inde- 
pendent increments and predictable bracket C(g), relative to the filtration (J-\J J~t), and 
whose law is completely characterized by the processes X and c and do not depend on the 
particular sequence (T n ) of stopping times. 

b) If further X and a have no common jumps, then conditionally on J- the process 
Z(g) is a Gaussian martingale. 

In Theorem l2.12l we have a large degree of freedom for defining Z(f'), its conditional law 
w.r.t. the (T-field J- being the only relevant property. This lemma shows that if we change 
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the sequence of stopping times (T n ), subject of course to the property of encompassing 
all jump times of X, then one changes Z(f') but not its conditional law. Note also that 
g(0) = above, so in (J2.15J) the "part" of T n for which AX? n = does not come in into 
the sum, which is consistent with what precedes. 

Proof. Among several natural proofs, here is an "elementary" one. Let g £ £'{, and set 
a n = g(XT n ){cT n - + \ Act„)- We have g 2 *[it < oo and c is w-wise locally bounded, hence 
C(g)t = Yin a n^{T n <t} < °° (f° r F-almost all uj of course). 

Fix w£S] such that C(g)(uj)t < oo for all t < oo. Under P', for all n with T n {to) < t the 
variables A n (uj) := ^/K^ U n aT n -(uj) + \/l — n n U' n OT n (uj) are independent centered with 
variances a n (uj). Then by a standard criterion for convergence of series of independent 
variables, the formula 



Z(g) t (uJ,.) =^2g{X Tn {u)){\f^ U n <TT n -(w) + \/l-«n K <J Tn {uj)\l {Tn 



n=l 



,(w)<i} 



defines a process (co't) ^ Z(g){uj,uj') t which obviously is a martingale with indepen- 
dent increments. Moreover its predictable bracket is deterministic (that is, it does not 
depend on uj') and is C(g)(uj), and it is purely discontinuous and jumps at times T n (co), 

and the law of the jump at T n {ui) < oo is the law of g(XT n {u>))[ y / K^ U n o~T n -{u) + 

y/1 — K n U' n aT n {uj) ) , which only depends on the processes X and c at point uj. If further 
X and c have no common jumps, then the law of the jump at T n (uj) < oo is the law of 

g(X Tn (uj)) a Tn (uj)(yK n ~ U n + VI -«n U' n Y which is J\f(0,g(X Tn (uj)) 2 c T J- This proves 
(a) and (b). 

Next we consider the properties of Z(g), considered now as a process defined on 
(fi, T, (^ r i)i>o,IP). Suppose first that K(C(g)s p ) < oo for some sequence (S p ) of stopping 
times increasing to oo. Then for any (./^-stopping time T we have 

E(Z(g) 2 T ) = j \{dw) J ^{<kj')Z{g) T{w) {u,J) 2 = j ' ¥(duj)C(g) T{uj) (uj), 

so (|5.46(l holds and Z(g) 2 s . t is P-integrable, and for A e Tt and s > we have 

E (l A (Z(g) Sp /\(t+s) ~ Z(g) SpAt )) 

v (duj) / F(duj')l A (uj,uj')(Z(g) Sp{uj)A{t+s) (uj,uj') - Z(g) Sp(u)) At (uj,uj')) = 0, 

and thus Z{g) is an (^j)-locally square-integrable martingale. In the general case we set 
A n = {a n < 1} and we let T' n = T n and T" = oo on A n , and T' n = oo and T" = T n on A c n . 
These are stopping times, and we define Z'(g) t and Z"(g) t by ()2.15j) . with the sequences 
(T n ) and (T") respectively. The same analysis as above shows that Z'(g) is an (jF t )-locally 
square-integrable martingale, whereas Z"(g)t is a finite sum and thus as a process it has 
finite variation. We deduce the semimartingale property of Z(g) = Z'(g) + Z"{g). □ 



37 



Lemma 5.11 The claim (i) of Theorem \2.VA holds under (SK) and when f is C 1 and 
vanishes on a neighborhood o/O. 

Proof. We suppose that f(x) = if \x\ < 2e for some e > 0. We use the notation 1)5. 33|) 
associated with this particular s, so that |AX S | < e identically if s is not equal to one of 
the Sp's. Since the derivative /' also vanishes on [— 2s, 2e], we deduce that the process 
Z(f') has the same law, conditional on T , than the following process: 

z t= 2^ f'(Rp)R' p - 

p: S p <t 

Hence the claim amounts to the stable convergence in law towards Z', for the sequence of 
processes Z n (f)/y/A n , where Z n (f) is given by (|3.1|) . 

Recall that V(f) = f * \x. In view of the properties of / we readily check that on the 
set Cl n (T,e) we have, for t <T : 

1 z»(/) t = -±= J2 (f(Rp + R'p n )-f(R P : 



jKn VAT 

V n V n p: S p <A„lt/A n ] 

T>ln 

Y, fiRp + K)^, (5-47) 

p: S p <A n [t/A n ] V n 

where R p is between R p and R p + R' n . Since R p — ► 0, hence R p — > as well, and since /' 
is continuous and Q n (T,s) — » U, the result is a trivial consequence of Lemma I5~%1 □ 

Now we can prove Theorem I2.12l (i) under (SK). For each e > 0, we set f e = fip e , 

and Lemma E3U implies Z n (f - f e )/y/SH C -^ Z(f - f' e ). On the other hand, /' g £'{ 
and thus Z(f') exists and C{f' £ )t — ► pointwise (Lebesgue's theorem, notation (|2.16|l ) as 
e — ► 0, and C(f' £ )t < K t , so (|5.46f) and Doob's inequality yield Z(f' £ ) — 4 and thus 
Z(f — f' £ ) — 4 Z(f') as e — ► 0. Therefore it remains to prove the following : 

Z n {U\l\f^n > v) = 0, Vt? > 0, Vt > 0. (5.48) 



lim limsup PI sup 

Set 

h(x,y) = f £ {x + y)- frj(x) - f £ {y), g £ (x,y) =k £ (x,y) - f' £ (x)y. (5.49) 

For e small enough the function f e is C 2 , and V(f) e ) = f £ * // and (|5.3|) holds, so Ito's 
formula yields that Z n (/ e )/VA^ = A(n, e) (n) + M(n,e)( n ), where M(n,e) is a locally 
square-integrable martingale, and with 

A(n,e)t= / a(n,e) u du, A'(n,s)t := (M(n,s,M(n,s)) = / a'(n,e) u du, (5.50) 
Jo Jo 

where 

a'(n, e) t = £ (f' E {X t - X^fct + / k £ (X t - x[ n) , 5{t, z)f dz) . 
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In order to get Q5.48|) . it is enough to prove the following, for all 77 > 0, t > : 



lim limsup Pi sup(\A(n,e) s \ + A'(n, e) t > i]) = 0. (5.51) 

£^0 n \ s <t ' 

Recall that /(0) = /'(0) = and f"(x) = o(\x\) as x — > 0, so we have 

j = 0,l,2 => |/^)(x)| < Q £ (|x|/\ e ) 3 ^ (5.52) 

for some a E going to as e — > 0, which implies 

\k v (x,y)\ < Ka v \x\ |y|, b??(^y)l < ^«^|a?| y 2 . (5.53) 

Then, in view of (SK), we deduce that \a(n,e)t\ < Ka £ \Xt — X t |/\/A n and a'(n, e)t| < 
Ka e |X t -X f (n) | 2 /A n . Now, exactly as for IjOjI . one readily checks that E(\X t+s - X t \ q ) < 
K q s q l 2 for all q G (0,2] and s,t > 0, under (SH). Applying this with q = 1 and 5 = 2, 
respectively, gives 

E (v(A(n, e) T ) < KTa £ , E (A'(n, e) r ) < KTa 2 e , 
and ()5.51|) immediately follows because a £ — » 0. 

Finally it remains to prove the result under (K). This is done using the same localization 
procedure than in Lemma 14.61 or in the proof of Theorems 12.91 and we leave the (easy) 
details to the reader. 

5.8 Proof of Theorem l2?T51 -(ii). 

Before proceeding to the proof itself, we give two preliminary lemmas : the first one is 
related to Lemma 14. 11 the second one is a simple application of Ito's formula. 

Lemma 5.12 Under (SK) there exist increasing functions l n on (0, 00) such that 

lim limsup l n (j]) = 0; (5.54) 

and that for all i, n £ N, e, n > 0, we have with X{e)' = X(e) — X — X c ) 

t<A n => K-i(\X{e)\i-i)A n+ t-X(e)wA n \ 2 f\n i ) < ^Jn(v)- (5-55) 

Proof. For any 9 > we use the decomposition X(e)' = N(9) + M{9) + B{6) given in 
the proof of Lemma 14. 11 and also the function 72(2/) given in lemma 1531 Recall that 

P?_!(iV(%_ 1)An+t - 7V(%_ 1)An + 0) < K8-% 

K-i((M{0Xi_ 1)An+t - M(e) (i _ 1)An ) < l2 (e)t, 

\B(9) {l - 1) A n+ t-B(9)^ 1)An \<K9- 1 t 
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and K above does not depend on e. The same argument than in Lemma 14. II shows that 
K-i(\X(e)' {l _ 1)An+t - X(e)' {l _ 1)A f f\ V *) < K <^ + A nl2 (0) + ^p) , 



as soon as t < A n . So we have (|5.55j) if we take l n (v) = -^i ni "ee(o,i] \V 2 @ 2 + 72(0) + 
A n ^ 2 ), which is obviously increasing in r\. Moreover we have (|5.54[) . otherwise there 



would be an infinite sequence n^ and a number a > such that j] 6 +72(6') + A nfe > a 
for all G (0, 1] and all 7/ > 0, and this contradicts the fact that 72(0) — ► as 9 — ► 0. □ 

Lemma 5.13 Under (SK) there is a constant Kq such that, for each C 2 function g sat- 
isfying g(0) = and \g'\ < A and \g"\ < A, we have for all i, n and all e > : 

f | E ?-i {9(X(e) (i _ l)An+t - X(e) (i _ 1)A J) | < K AA n , 
t < A n => < (5.5b) 

I E?_i {g(X(ck-i)A n+ t - X(e)(i-i )A J 2 ) <K (A + A 2 )A n . 

If moreover (SL-2) holds we also have 

I E?-i (k(i-l)i„ +1 - c ( ,-i)aJ 2 ) < KA n . 
Proof. By (|5,3|) and Ito's formula, we have 

g{X(e) i i^ l)An+t - X(e)(,^i )An ) = / b(n,i,s) u du+ a(n,i,e) u dW u 

J(i-l)A n J(i-l)A n 

/•(i-l)A„+i /• 
+ / / 5(n,i,e)(u,x)(fi — i/)(du,dx), 

J(i-l)A n Jr ~ 

for suitable coefficients easy to compute and which under (SK) satisfy 

\b(n,i,e) t \ < KA, \a(n,i,s) t \ < KA, \5(n,i,e)(t,x)\ < KAj(x), 

uniformly in all arguments (including lo...). Then IJ5.56JI follows in a classical way. 

Under (SL-2) the process at satisfies (SK) (except that there are two Brownian motions, 
but this makes no difference here), so Q5.56JI applied with gix) = x 2 yields (|5.57|) . □ 

Now we proceed to the proof of Theorem 12 . 1 21 - (u) . Upon using the same localization 
procedure than in the proof of (i), we see that it is enough to prove the result under (SL-2), 
which we assume thereon. We suppose that / G £2, so for e > small enough the function 
fe = fipe is C°° an d coincides with hity e - We divide the proof into several steps. 

Step 1. Fix e > 0. We apply Lemma 15.91 with d = 1 and U = U (J12) to obtain 
(^.(^/V^^i) C -=® (V2^c u dW u ,(R' p ) p >X 
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On the one hand, the function f — f £ satisfies (|5.47|) . so the same argument than in 
Lemma 15.111 allows to deduce that 



Ul-^=Z n (f-f e 



C-(s) 



V2J c u dW u ,Z(f'-f' £ )] 



(5.58) 



On the other hand, suppose for a while that X is continuous. Then both (|4.7f) and 
(|5.13j) hold for g = h 2 , and so the proof of Theorem 12.91 holds in this case as well, that is 



^A, 



(A n V' n (h 2 ) -C)-U r 



>Kr 



(V n (h 2 ) -C)-U 



Yl u . c . p . 



0. 



We also have 



[t/A r , 



-1 -I L / '"J 

— E(V n ((l -A)h 2 ) t ) < -= £ e(|A?X| 2 1 {|a „ x 



:\>e} 



[t/A n 






i=\ 



because E(|A™X| 4 ) < KA\ by (|4.2|) when X is continuous. Combining these two results 
yields -7= (V n (f £ ) — C) — U (h 2 ) — ^ 0. Now, X is discontinuous, but applying what 
precedes to X c yields 



(V n (X c ; f e )-C)-y/ A n U 



-jr-pTl u . c . p . 



Hence (|5.5S|) holds with U substituted with -?= (V n (f £ ; X c ) — C). Since the stochastic 
integral process in the right side of (|5.58|) is continuous, we deduce that 



1 (V n (X c -J £ ) t -C t + Z n (f-f £ ) t ) C -M ] 



fK 



V2 I Cu dW u + Z(f'-f' £ ). 
'0 



Furthermore we have Z(f — f' £ ) —^ Z(f') as e — ► (this is like in the previous proof), 
whereas V n (f) - V(f)^ = Z n (f - f £ ) + V n (f £ ) - C?W - f £ * /x, and also V n (f £ ) s = 
V n (X(e); f £ ) s for all s < t on the set fi(t, s), which converges to O as £ -> 0. Therefore, 
for obtaining the result it remains to prove that 

(5.59) 



lim limsup PI sup 



y n (e) 4 / V / A n > ??J = 0, Vr? > 0, VT > 0. 
where Y n (e) = V n (X(e);f £ ) - V n (X c ; f £ ) + C- C^ - f e *//. 



Step 2. Recall that for e small enough the function f £ is C°°. Then Ito's formula applied 
with (|B35|) yields y n (e)/VA^ = A(n,e)^ +M(n,e) { - n \ where M(n,e) is a locally square- 
integrable martingale, and we see that (|5.5UI) holds with 

a(n,e) t = * (§ (f' £ '(X(e) t - X( e )< B >) - f'(X$ - (X c p))c t 

+f' £ (X(e) t - X{ep)b'(e) t +%AX{e) t - X{ep) + (c t - c t (n) )) 

a'(n,s) t = 1 {{f £ (X{e) t - X(ep) - f>(X? - (X c t ] )) 2 c t + k £ , t (X(e) t - X( £ )J n) ) 
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where we use the notation (|5.49|) and E c e = {x : 7(2;) < e} and 

Here again we are left to proving (|5.51|) . This is more difficult than for (i) of Theorem 
12.121 because ()5.52|) and (|5.53|) no longer hold. However A'(n, e) is increasing, whereas 
|o(n, e)t| < K because of (SL-2) and because the functions f' e , f'J and g et are obviously 
bounded by a constant not depending on (e,t). Hence (|5.51|) will follow if we prove that 
for all t] > 0, t > we have 

lim limsup pf sup(|^(n,e)( n) | +A'(n,e) ( t n) > rj) = 0. (5.60) 

Step 3. We will introduce below some decompositions for A(n, ey n ' and A'(n, e) , namely 

6 8 

A(n,e)^ = Y,D n (e,j), A'(n,e)W = £>"( £ ,j), (5.61) 

where D n (e,j)t = Yji=\ C"( e >j)- Then in order to get (|5.6Uf) is it obviously enough 
to prove that lim e ^o limsup n PI sup s<t |D n (e, j) s | > r/J = for each j. This property 

obviously holds if 

[t/A„] 

lim limsup e( ^ |Cf(e,i)l) = 0, (5.62) 



i=l 
and it also holds if for all 77 > we have the following two properties, as n — ► 00 : 

[t/A„] [t/A n ] 

E( ]T |Er-i(C(£,j))l) - 0, E( £ |C n (e,i)| 2 ) - 0. (5.63) 

i=\ i=l 

Step 4- Before deriving ()5.6U|1 we state a number of properties of the functions f £ , ~g £t and 
k £ j and their derivatives. These properties are elementary, although sometimes tedious to 
derive, and they are based on the fact that f £ is C°° for e small enough, and f £ (x) = x 2 
when \x\ < e and f £ {x) = when |x| > 2e; we also use (SK) for (|5.67|) below, where the 
notation 72(2/) of Lemma 15.31 is used. Here is the list of those properties : 

!/«(£)!< i^ 2 -'i {N <2 £ }> ( 5 - 64 ) 

\f' e (x + y) - f e {x)\ 2 < K{x A /e 2 + y 2 /\ e 2 ), (5.65) 

\f' £ '(x + y)- f' £ '(x)\ < K(x 2 + y 2 )/e 2 , (5.66) 

\g £ Ax)\ < K(x 2 /e 2 + \x\/e), k v , t (x) < Kx 2 l2 (e), (5.67) 

J = 1,2 => \g®(x)\<K V - 1 , (5.68) 
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9 v ,t( x ) ~ 9vA x )\ - K \ x \ / 1^*' z ) ~ s ( s > z )\ 70) dz ^ K\x\~f 2 {e)- 



(5.69) 



Step 5. Now, recalling that the right limit b'(e)t+ of b'(e) exists, and with g et+ (x) 
J g e (x,5+(t,y)) dy (see the notation before (|5.5|l . we set 



ffM 

Cf(e,2 
Cf(e,3 

cm 

ffM 

cm 
cm 



7fc/( J i-l)A n ( c * - C («-1)A„) d* 

^T J(£i)A» (fe(X(e) t - X( £ ) (i _ 1)A J - £'(*? - x ( <u )An )) <* dt 

^7= &'(e)(i-l)A„+ /(i-l)A„ f'e( X ( £ )t ~ X ( £ )(i~l)A n ) dt 

Tfc ij-i)A n /i( X ( £ )* " X(e) {l _ 1)An )(b'(e) t - b'(s) {i _ 1)An+ ) dt 

= I(i- n i)A n 9e,(i-l)A n +{ X ( £ )t -^(f)(.-l)A„) <& 



/A 

i r*A 



v 7 ^ 



/(i-l)A» (#£,£ - 9e,(i-l)A„ + ) ( X ( e )t ~ X ( £ )(i-l)A n ) 



dt 



AT fi?-i)A n U( x &t ~ *0%-i)aJ - a xc t - *(U)aJ) ct dt 



i r iA 



~ Ji?- n i)A n Kt{ x ( £ )t- *(e) (i _ 1)A J dt 



With these variables, it is easy to check that (|5.61|) holds. Hence it remains to prove that 
for each j = 1, ... ,8 we have either (|5.62j) or (|5.63|) . This is the aim of the following 
lemma, which will end our proof. 

Lemma 5.14 We have UTMl for j = 2, 4, 6, 7, 8. 

Proof. Recalling X{e) = X + X c + X(s)', we deduce from (ETnTfl) that 



Iff (e, 2)1 < 



K 



eVA r 



iA r , 



n J (i— 1)A„ 



(Xt - X ( V 1)A J 2 + (X(e)' t - X(e)'^ 1)Ari 



dt. 



Applying Q5.56JI with g(x) = x to the two processes X c and X(s)' readily gives E?_i(|£P(e, 2)|) < 
KAl /2 /e 2 , and (IB~T)2l follows. 
In a similar way, (|5.65|) gives 

Iff (e. 7)| < 



if 



A r 



n J(j-l)A r 



(e- 2 (XZ-X{ i _ 1)An )*+ ((X(ey t -X(ey {l _ 1)A J 2 f\e 2 )) dt. 



Applying the well known fact that E"_ 1 1 (X£ — x ?-_da ) 4 ) < Kt 2 , and Q5.55JI . we deduce 



K-i(\C(e,7)\i<K[^ + A n l n (e)\. 



Then we readily deduce (J5.62)) from (|5.54|1 . 
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Use (|5.69j) and (|5.67|) . together with (|5.56|) again and Cauchy-Schwarz for j = 6, to 
get 

E^GCM)!) +Et 1 (|CM)|) < KA n72 (e). 

Since 72(e) — > as e — ► 0, we deduce (|5.62j) for j = 6, 8. 

Finally consider the case j = 6. We use (|5.64|) and (|5,56|) once more, plus Cauchy- 
Schwarz, to get (with b+ being the process associated with (b' t+ by (J2.1J) : 

/[</A„] \ / t 

E E |ff(e,6)|J < — Wl_ x ^ \X(e) s -X(e)^\\b'(e) s -b'(e)^\ds 

< -±= Uti (f \X(e) s - X(#| 2 da\ Et x QT |6'(e) s - 6'(e)S| 2 ds 
<(vti(£W{e).-tf(e)M\ a da 



1/2 



where the last inequality comes from (J5.56J) . The last term above goes to because 
6'(e) s — b'(E)g_l goes pointwise to and is bounded: therefore we have (|5.62j) for j = 6. □ 

Lemma 5.15 We have \5. 63\) for j = 1,3,5. 

Proof. Note that (™(s, 1) = Cf (1) does not depend on e. Then (|5.63f) for j = 1 readily 
follows from IJ5.57J) . 

Next, use IJ5.56J1 for the function f' e and IJ5.64JI and the boundedness of b' to obtain 

KA 3 / 2 KA 2 



£" 



and we readily deduce (|5.63j) for j = 3. The same argument also show ()5.63|) for j = 5: we 
use (|5.68j) . and (|5.56|) with the function 5 e ,(j_i)a„+ (this function is random, but ^F(i-\)A n - 
measurable and with uniform bounds on its derivatives, so (|5,56|) applies in this case). □ 

5.9 Proof of Theorem IZTT)1 

Due to all what precedes, the proof is very easy : on the one hand, Lemma 15.91 is al- 
ready multidimensional. On the other hand, the way Theorems 12.91 12.101 12.111 and 12.121 
are deduced from Lemma 15.91 can be carried over separately for each component, in the 
multidimensional case. Therefore Theorem 12. 161 holds. 
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